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Abstract

We define mixed two-sided markets as two-sided markets where users of a
platform can appear on different sides of the market in different transactions.
That is, sellers can also be buyers and vice versa, such as in online trading
and stock exchanges. We provide a model to capture the dynamics in such
markets. The mixedness of the two market sides makes it possible for the
platform to bundle its services originally intended for different sides. We study
a new and somewhat hybrid kind of bundling strategies with two-part tariffs
which is widely used by platforms in such markets, and show that bundling is
more likely to dominate separate sales when the market has a higher degree of
mixedness. This result remains robust under full and bounded user rationality.

1 Introduction

This paper defines a new kind of two-sided markets - mixed two-sided markets -
and studies bundling by a monopoly platform in such markets. It links the theo-
retical literatures on two-sided markets and bundling. In particular, we provide a
model that captures the dynamics in such markets and find sufficient conditions for
bundling to be more profitable than unbundled sales by a monopolist.

A two-sided market is defined as mixed if a user of the two-sided platform can
appear on different sides of the market in different transactions; otherwise, the two-
sided market is called standard. The existing theoretical literature of two-sided
markets has focused on modelling the standard two-sided markets (see, for instance,
Armstrong (2004 and 2005) and Rochet and Tirole (2003 and 2006)), where the

agents on each side of the market are implicitly restricted to having non-positive
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valuation for the service that the platform provides to the opposite side of the
market. In this paper, however, we relax this restriction. We allow any agent to
have positive valuation for the services that the platform provides to both sides. At
her own discretion, any agent can be a buyer, a seller, or both a buyer and a seller
(in different transactions). Figure 1 illustrates the difference between a mixed and
a standard two-sided market.

Platform
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A Standard Two-sided Market A Mixed Two-sided Market

Figure 1: Standard And Mixed Two-Sided Markets

Examples of mixed two-sided markets are quite pervasive. The online trading
market is one such example, where people can quite freely buy and sell as they please
through a platform like eBay. Our model setting is best interpreted in the online-
trading context. The telecommunications market can also be thought of as a mixed
two-sided market when we consider the phone calls as goods transferred between
the calling and answering parties via the mobile network platform. Indeed, many
if not most kinds of financial intermediation where traders are allowed to both buy
and sell products also have the defining characteristics of mixed two-sided markets.
Such markets include social lending, securities brokerage and stock exchange.

For a mixed two-sided platform, the market still has two sides - the seller side
and the buyer side - although they "overlap” with each other. Like in standard
two-sided markets, there exist indirect network effects between the two sides - the
value that a potential seller expects from using the platform depends on the size of
the buyer side, and vice versa. In this paper we use a set-up that is a variation of
the general framework by Rochet and Tirole (2006) to capture the indirect network
effects in a mixed two-sided market. In this sense, our paper extends the literature
on two-sided markets to the mixed case.

In general, a two-sided platform provides two kinds of services, each to one side of
the market. For simplicity we call them buying and selling services, respectively. The
key distinction between mixed two-sided markets and standard two-sided markets is
that we allow all users in mixed two-sided markets to value positively the use of both
kinds of services, while all users in standard two-sided markets value only one kind
of service. An important implication of this distinction is that the mixed two-sided
platform can consider combining the two kinds of services that it normally offers
to different sides of the market, and provide them in bundles to all potential users
on both sides.! Each user, by paying the appropriate fees, can use the platform for

Tn mobile telecommunication markets where RPP (Receiving Party Pays) principle is used



selling, buying or both. This is exactly the kind of bundling that we study in this
paper.? Note that such bundling is not relevant in standard two-sided markets.

The literature on bundling distinguishes between pure bundling (only selling
bundles of two goods) and mixed bundling (providing two goods both separately
and in bundles) (see, for instance, McAfee, McMillan and Whinston (1989), Fang
and Norman (2006) and Banal-Estanol and Ottaviani (2007)). What we study in
this paper is a new and somewhat hybrid kind of bundling with two-part tariffs
(consisting of access fees and transaction fees). That is, if an agent wants to use the
platform, she first needs to pay the relevant one-off access fee to obtain a certain
kind of membership (e.g. seller membership) , then she needs to pay an additional
transaction fee applicable to her role in the transaction (e.g. as a seller) each time she
uses the relevant service. The platform chooses whether to offer seller membership
and buyer membership separately (by charging two fees) or to bundle them together
(by charging one combined access fee), but it does not offer both options together.
The transaction fees are always charged separately in our model. If we think of
membership and transaction as different kinds of services provided by the platform
to both sides of the market, the pricing strategy studied here is essentially pure
bundling of memberships and unbundled transactions.?

We show that there exists a bundling effect by using this hybrid bundling strat-
egy, and its appeal to the mixed two-sided platform is directly related to the degree
of mixedness of the market (measured by the proportion of the users who are both
sellers and buyers, i.e. the seller-buyers, amongst all users?). The prevalence
of seller-buyers on the platform represents the very nature of mixed two-sided mar-
kets. We show that the higher the degree of mixedness, the more likely that bundling
dominates unbundled sales.

While a variety of other kinds of pricing strategies are possible and sometimes
observed, we believe the particular kind described above is most prevalent in real-
life mixed two-sided markets. Aside from eBay, mobile network operators often
charge subscribers a membership fee for connection (with both calling and answering
capacities) plus different per-minute usage fees (at least to pay-as-you-go users) for
making and answering calls. Similar fee structures are also widely used by financial
itermediaries, such as stock exchanges and security brokers. In this paper we provide
insight for the popularity of such pricing strategies. In another paper (Gao (2009b),
Bundling with Network Effects) we analyze in detail pure bundling, mixed bundling
and some other variations of bundling strategies by mixed two-sided platforms, which
provides more general and ”complete” results.

We use a three-stage game to capture the dynamics in the market. Whether

(e.g. China), for instance, mobile carriers sometimes offer bundles of talking minutes including
both calling and answering times.

2We do not consider, for instance, an eBay seller bundling two products and selling them on
the platform, or eBay bundling two kinds of selling services (that are both designed for sellers but
not buyers).

3Note that the value of the platform to any user, whether as a seller or a buyer, can only be
realised when both membership and transaction of the same side are used.

4See section 4.1 for a detailed discussion of this measure.



agents choose to join the platform (by paying the relevant membership fee(s)) de-
pends on how much they expect to gain from future transactions on the platform.
The expected surplus from future transactions can be affected by whether agents
fully foresee and take into account all possible future benefits as a seller, a buyer
and a seller-buyer, or only focus on their current "urgent” needs (e.g. purchasing a
newly released CD on eBay) while ignoring the other potential benefits (e.g. selling
some old CDs on eBay in the future).> We consider these two cases one by one,
by making different assumptions about agents’ rationality. It is worth noting that
when agents are boundedly rational and ignores parts of the potential benefits from
future transactions, the demand for the platform’s bundled services will in general
be lower, ceteris paribus. However, we will show that all our results on the desir-
ability of bundling under full agent rationality remain unchanged under bounded
agent rationality. This ”"robustness check” confirms that the results come purely
from bundling and mixedness.

Besides the pricing strategies, we also discuss briefly in the end of the paper a
situation where the platform introduces an activation procedure in order to change
its cost structure, which is sometimes observed in reality. We show that such pro-
cedures will further enhance the desirability of bundling vis-a-vis separate sales.

The remainder of this paper is structured as follows: Section 2 describes our
model settings and basic assumptions. In section 3 we discuss the separate-sales
strategy as a benchmark. Section 4 is dedicated for the model of bundling, where
we first set up a model under full agent rationality and provide results of the bundling
effect, then test them under bounded agent rationality; in the last part of section 4
we discuss bundling with activation costs. Section 5 concludes and discusses possible
future extensions.

2 Modeling Set-Up®

We assume there is a market with one monopoly platform and a continuum [0, 1]
of agents. The agents may want to trade a certain kind of good with one another.
The only possible means of trading between any two agents is to make transactions
through the platform, which provides services of buying and selling, at some charges.

The market works in three stages:

Stage 1 - The platform chooses a system design option (separate sales or bundling)
and announces relevant prices;

Stage 2 - Each agent observes the prices and decides at her own discretion,
whether to join the platform as a buyer, a seller, both a buyer and a seller (by
paying the relevant membership fees), or not to use the platform;

Stage 3 - Users who decide to join the platform trade.

5See section 4.2 for a detailed explanation of an motivating example of bounded agent ratio-
nality.

6The set-up we use is very general in the two-sided markets literature, especially following that
of Rochet and Tirole (2006).



2.1 The platform

The platform has two options of system design and tariff plans:

Separate sales - The platform separates the services provided to different sides
of the market, and sets different two-part tariffs for different sides.

We denote the separate-sales price vector P, = (a,a?, A5, AB) € R™ where
A% and AP are respective membership fees for each seller and buyer, and af and

a® are respective marginal usage fees per transaction borne by the seller and buyer

S
involved.

Only those who have paid the relevant fees are provided with the appropriate
functionalities. Thus anyone who wishes to use the services of both sides must pay
both membership fees. In this strategy the two sides in the market are treated as if
they were the two distinctive customer groups in a standard two-sided market.

Bundling - The platform offers a bundle of both selling and buying services to
any potential user.

The bundling price vector is denoted P, = (a2,aZ, A) € R™3 where A is the
membership fee for each user, and a> and a2 are marginal usage fees per transaction
borne by the seller and the buyer involved, respectively.”

All members of the platform who have paid A are provided with both buying
and selling functionalities on the platform. They then only need to pay marginal
fee a® in transactions where they buy, and @ in transactions where they sell.

These two system design options involve different cost structures for the platform.
With separate sales, the platform incurs fixed costs F'* per seller and F'® per buyer,
and a marginal cost ¢ per transaction. With bundling, it incurs a fixed cost F' per
user and the same marginal cost ¢ per transaction®. We assume max(F S FB ) <
F < F% 4+ FB throughout this paper, i.e. it is possible for the platform to have
economies of scope.

Between these two design options, the platform chooses the one that yields higher
profits.

Notice that neither of these design strategies can exactly replicate the other un-
less all three membership fees (A%, AP and A) are set to be zero. At any positive
membership fees, the allocation of agents in different market segments (sellers, buy-
ers, etc.) will not be the same under different designs. This means demand will
in general be different under different designs. This point becomes clearer after we
specify all the settings, and will be addressed in detail in section 4.1.

2.2 The agents

The whole set [0, 1] of agents is denoted Q2. An agent w € Q, by using the platform,
gets a constant benefit v° from each sale, and a constant benefit v” from each

"As discussed earlier, this is essentially pure bundling of memberships and unbundled transac-
tions.

8This cost structure applies in the whole paper, except for section 4.3 where the platform’s
activation procedure changes some of the specifications here.



purchase, which are only known to the agent herself.® From the platform’s point
of view, the marginal benefits that an agent gets from each sale and purchase are
random variables, which we denote by v° and vZ, respectively, and we assume the
platform knows their distribution.'?

Assumption 1 v° and v? are drawn independently from respective cumulative dis-
tributions G°(-) and GPB(.), with respective density functions g°(-) and g®(-).

In stage 2 of the game, each agent makes her own decision whether to use the
platform’s services or not. We call this the agent’s membership decision. We
say an agent becomes a user (or member) of the platform by paying the relevant
membership fee(s). The set of all users is denoted Y.

In stage 3 of the game, each user makes her own decision whether to sell, to buy,
or to both sell and buy, by paying the relevant transaction fee(s).!* We call this the
agent’s trading decision. Any agent who uses the selling (respectively, buying)
service is called a seller (respectively, buyer).

We denote the set of all sellers S (also referred to as the seller side) and the set
of all buyers B (buyer side). If a user is both a seller and a buyer, she’s called a
seller-buyer, otherwise she’s either a pure seller or a pure buyer. We denote
the set of pure sellers PS, the set of pure buyers PB, and the set of seller-buyers
X.

The relationships among the above sets are summarized as follows:

S=PSUX; B=PBULJX,
X=SNB;, Y=SUB=PSUPBUX.

Ex post, a mixed two-sided market is one where X # &.

Now we define the number of agents in these sets as the probability measures of
the relevant sets, among which the most important ones are:

The number of sellers: N° = Prlw € S].

The number of buyers: NP = Prlw € BJ.

The number of seller-buyers: N~ = Prjw € X].

The number of users: N = Prlw € Y] = N¥ + NF — NX,

To the platform, these numbers are demand from different market segments.

9This assumption is also used in Rochet and Tirole (2006). Notice v> (resp. vZ) is the "net”

benefit from a sale (resp. purchase) for seller (resp. buyer) w, including any payment transfer from
the buyer (resp. seller). Only the fees charged by the platforms are not included in v> and v2.

Tn addition to v¥ and v®, Rochet and Tirole (2006) also used ”fixed” benefits from being a
member of the platform - B° and BZ. Our implicit assumption here is that B and BE are the
same for every agent and are normalized to zero.

" Any user must trade, because having paid a non-negative membership fee, no-trading would
give her non-positive net payoff which is weakly worse than her outside option (0 payoff). In this
case we assume she should not have joined.



2.3 The trade

We assume each buyer makes exactly N transactions in total, and each seller makes
exactly NP transactions in total.!?> The total volume of transactions is then N°-NZ.

If the platform charges transaction fees a® and a?, then the expected surplus a
seller with v° gets from all transactions that she makes is (gross of membership fee):

An agent’s net surplus from being a user is then the total surplus she gets
from trading minus the membership fee she pays. For example, a seller-buyer’s net
expected surplus is u® +u? — A% — AP under separate sales, while it is u® +u?® — A
under bundling.

2.4 Agents’ decisions

Given the platform’s choice of design and the relevant prices announced, each agent
makes her membership decision by comparing her net expected surplus as a user with
the outside option, which is equivalent to comparing her gross expected surplus from
trading with the membership fee. We make the following assumptions:

e Any agent’s outside option (i.e. not joining the platform) gives zero surplus.

o Whenever an agent is indifferent between joining and not joining, she doesn’t
join.

With separate sales, an agent makes two separate membership decisions, each
regarding one side of the platform. With bundling, a user will have three potential
options of trading - being a seller, a buyer, or a seller-buyer. We start with separate
sales.

3 Separate Sales!’

With separate sales, the platform separates the services provided to different market
sides, and announces charges P, = (a,a?, A% AB). Because we have assumed the

12This assumption is used in Rochet and Tirole (2006) and we also use it here to faciliate a
direct comparison between the results.

Concerns might arise regarding self-trade of the same seller-buyer. However this is not a problem
in our set-up, since each individual agent is infinitesimal and her self-trade has zero measure in the
accounting of the volume of transactions based on probablity measures.

13The analyses and results under separate sales are very similar to those of the model in Rochet
and Tirole (2006). This is no surprise because by our formulation, a mixed two-sided market with
separate sales is "equivalent” to a standard two-sided market.
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benefits from buying and selling to be independent for the same agent, each agent
will make separate decisions about joining the buyer side and the seller side. This
means we have the following demand at P,:'4

N¥ = Pr[u® — A% > 0] :1—GS(]<1[—SSB+CL§)

s

1
NSB:Pr[uB—AB>O]:1—GB(§—§+CLSB) (1)

N? and NP are simultaneously determined by system (1) at P.
The allocation of agents in different market segments at P, is illustrated in Figure
2‘15

\%
VB
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Figure 2: Separate Sales

The platform’s profit at the separate-sales price P is then:

S
—_—— N
TV

profit from sellers’ mem fee profit from buyers’ mem fee profit from transactions

L(P)= (A5 FIN? + (A" = FN? (e +al—c)NJN]  (2)
—_——— .

Lemma 1 (Redundancy of separate-sales prices) For any P, = (a$, a2, A5, AP) €
R*4, there exists a degenerate price vector Py = (a¥',a?',0,0) € R*, such that Py

exactly replicates the demands and profit under Py.

Proof. For any P, = (af,a?, A, AP) € R** let N and NP denote the demands

14We use subscript s to represent separate sales. Notice by our assumptions above, whenever
one of N7 and N2 is zero, the other must also be zero. In the following discussions we only
consider positive numbers of agents.

15Tn Figure 2 we assume v° has suppport [0,7°] and v? has suppport [0, 77], respectively. The
same assumption is also used in Figures 3, 4 and 5.



induced by P which must solve (1) above. Now let

Sr— S AS
CLS :as—l—

NsB ( )
B 3
aSB' = af + ﬁss

Then Py = (a?’,a?,0,0) is in R™ and N7 and NP also solves (1) at Py. It is
easy to check that II3(P,) = [I;(Py). =

The redundancy in the platform’s separate-sales pricing strategy P, can be seen
directly in Figure 2, where we only need one price from each side of the market to
determine all the demand segments.*¢

From now on, we focus without loss of generality on the degenerate vector P
as the relevant separate-sales strategy. And we assume there exists an optimal
degenerate vector denoted by P, = (a2*,a?*,0,0) at which the separate-sales profit

s 178
is maximized, i.e. P%, € arg maxIL;(Py).
P

4 Bundling

In this section we propose a model for the bundling strategy. Suppose the platform
announces price P, = (a2, a?, A). In an agent’s membership decision, she needs
to compare her gross expected surplus from trading with the bundled membership
fee A. What she takes into consideration in the gross expected surplus from trading
depends on what assumptions we make about her rationality. We first study the
situation where agents are fully rational, and then discuss what happens when they
are not. In general, the demand for bundled services is higher under full rationality
than under bounded rationality. Our results, however, remain robust in both cases.

In the end of this section we discuss the situation where the platform uses acti-

vation procedures to reduce costs.

4.1 Bundling with Full Agent Rationality

Here we assume agents are fully rational and when faced with the bundling strategy
P,, they use backward induction when making their membership decisions in stage
2 and trading decisions in stage 3. This assumption may sometimes be referred to
as M1 in our discussion later.”

Starting backwards from trading decisions, agents need to choose the highest
among v, u? and u® + u? given bundling price vector P,,. In effect, each agent’s
membership decision at P,, is based on a comparison between the expected surplus
from her trading decision, max(u®, u”, u® + u?), and the membership fee A. This
means the set of users at P, is the following:

Vi1 = {w | max(u®, u? u¥ + u®) > A}

16T emma 1 is also a result in Rochet and Tirole (2006).
1T"We use subscript m1 for all results derived under bundling with full rationality.



And the group of seller-buyers at P,, is:

X1 = {weYn| max(u®, u?, u® + uP) = u° +u®}
{w|u® >0,u” >0, and v¥ +uf > A}
We can then find the demand in different market segments using the distributions

G7(+) and GB(-), which in general will depend on all three prices - a2, a® and A.
The allocation of agents at P,, is shown in Figure 3.

B
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Figure 3: Bundling with Full Rationality

We denote the demand at bundling price P,, = (a2 ,aZ, A) with full agent
rationality as:!®

N%l = n%l ((Ii, agw A)
le =N (agw Ay s A)

le = Nm1 (afm aﬁa A)

As shown in Figure 3, all three price instruments - a”, a2 and A - are necessary

to characterize the demand, thus there is no redundancy in the bundling pricing
strategy. Later in this section we will see this is crucial to the advantage of the
bundling strategy.

The platform’s profit can also be represented as a function of P,,:

Lt (Pr)= (A= F)Npi  +(ap, +ay, — )Ny Ny (4)
profit from‘rfnembership profit from\trransactions

We now compare bundling with separate sales.

18The specific demand formulae are shown in the appendix, where N3, and N2, are determined
at price P, by a simultaneous system of two equations (6). In case the solutions to the system are
correspondences, we take the suprema of them. This is feasible because N3, and N2, are both
bounded (N25,, NEB, <1).

ml»
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Lemma 2 At any variable fees (a®,a?) € R*2, the degenerate separate-sales strat-
egy Py = (a®,a?,0,0) and the degenerate bundling strategy Po = (a°,a®,0) pro-
duce exactly the same demand in each market segment.

Proof. See appendix. m

This lemma is quite intuitive. When all membership fees are set to zero, a
separate-sales price and a bundle price with exactly the same usage fees will look
exactly the same to agents. Thus each agent will make the same membership and
trading decisions under these prices, resulting in the same demand in each market
segment.

When membership fees are positive, however, the same agent may make different
trading decisions and hence different membership decisions under different designs.
This will in general lead to different demand under different designs.

Suppose we set the same a®, a® in both strategies and A% = A% = A > 0. It is
easy to see the difference in demand from Figures 2 and 3. In particular, there exist
non-users, pure sellers, and pure buyers in the separate-sales system who become
seller-buyers under bundling. Their surplus from either buying or selling alone is
not high enough to compensate for the membership fee, but their combined surplus
is. They value the savings from a lower combined membership fee for both services
under bundling.'®

If we set A% = AP = %A > 0, still there exist pure sellers and pure buyers
(among others) under separate sales who become seller-buyers under bundling. Take
an agent «, for example, whose v5 € (a®, ]‘:}—SB +a®) and v2 > % + aP.20 She will
be a pure buyer under separate sales because 0 < u2 < A% and uZ > A > AB; but
she will be a seller-buyer under bundling because u2 + uf > A.

In both cases above, there may also be agents dropping out during the transition
from separate sales to bundling. In general, separate sales and bundling will yield
different agent allocation (depending on value distributions) and hence different
demand, unless all membership fees are zero.

The Bundling Effect

Now we make the comparison between separate sales and bundling by using a
thought experiment. We start from a situation where the platform has achieved
the highest profit under separate sales, II,(P%,), with strategy P%, = (a5*,a?*,0,0).
Now consider a switch from separate sales to bundling, while keeping all the fees
unchanged. We denote the resulting bundling strategy P/, = (a3*,aP*,0), and
profit 11,1 (P,0)-

By Lemma 2 we immediately know that the demand in each market segment
remains unchanged. Thus whether profit changes depends solely on how costs are

YNotice there are other differences in demand that are not represented in the figures. They
are caused by the network effects which can be seen from the simultaneous system (6) in appendix
from which demand functions are derived. In these equations, the demand of either side depends
also on the size of the other side.

20Suppose she expects the platform to have N sellers and N2 buyers.
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changed. We postpone the discussion of the effect of cost changes and focus here
on another question: Starting from P’ .. can the platform manipulate the bundled
membership fee to get higher bundling profits than I1,,; (P/,,)? The answer is yes.

Proposition 1 (The Bundling Effect) If separate sales price P%, = (a3*,a?*,0,0)

is optimal, i.e. P¥%, € arg IIll)aXHS(PS), then at bundling price P!, = (a5*, aP*,0),
we have 6221 (P!.,) > 0. That is, at P, raising the bundled membership fee

from zero strictly increases bundling profit.

Proof. See appendix. m

Proposition 1 shows the effect of bundling in mixed two-sided markets. It is
important to point out first that Proposition 1 does not compare profits under
bundling and separate sales. It only says that at after switching to bundling, at
price P/, the platform is able to increase bundling profit by raising A.2! We discuss
its intuition with the help of Figure 4.

B

v
- h
PB X
a B*+A/N s« € a
a’* d c b J
PS

fl_ 19 .
1) ass* ass*+A/NsB* VS v

Figure 4: The Bundling Effect

For pure sellers (PS in Figure 4), their demand at P/ , = (a3*, aP* A = 0) is
fully determined by a®* and a?* (the area jcfv”). A rise in the bundled membership
fee A shrinks their demand by the area bcfg, resulting in a new demand of the area
jbgv®. Similarly, a rise in A shrinks pure buyers’ demand by the area acde; and
reduces seller-buyers” demand by the area abc. Thus raising A directly reduces both
N¥ and NB.

The decrease in N° and N? has two effects. First, it directly reduces the total
volume of transactions which is N - N® and thus reduces the platform’s revenues

2IThe direct comparison with the profit under separate sales will be discussed later in Proposi-
tion 2.

12



from transactions. Second, the platform saves a fixed cost F for each user who drops
out due to the membership fee rise.

In addition to the decrease in demand, raising A has a third direct effect - the
platform now earns more membership revenue from each remaining user, since A
has increased from zero.

Now consider only the two market segments PS and PB. Raising A has a similar
effect on their demand as raising a3* or a?*, respectively, only now adjusted by a
factor 1;\[]23 " or 1;\[@5 *,
case, the optimality of the transaction prices a2* and a”* would have implied that,
for PS and PB, all the three effects mentioned above would completely cancel out
one another, leaving profit unchanged. Under bundling, however, the net effect on
profit turns out to be positive, because the cost-saving effect is stronger here. Under
separate sales, a decrease in demand would have only saved F*° per pure seller and
F2 per pure buyer, while here it saves F' (> max[F¥, F®]) per user. Thus the
combined effect on PS and PB is an increase in bundling profit.

Consider now only the seller-buyers. The decrease of their demand due to raising
A turns out to be second order to the increase in their membership payment (note
the area abc has a probability measure proportional to A?) and thus the platform
ends up also making a profit (exactly of the size NX*) from all seller-buyers by
raising A.

respectively. Had the fee raise happened in the separate-sales

Comparison with McAfee, McMillan and Whinston (1989)

The bundling effect shown above appears analogous to the mixed bundling effect
in McAfee, McMillan and Whinston (1989) (henceforth MMW (1989)), in that the
conclusion shows a positive marginal effect on bundling profit by a price change from
optimal separate sales prices. The analogy is somewhat counter-intuitive since the
bundling we study here is essentially pure rather than mizred bundling. In the pure
bundling literature, conditions of this form are not common since the demand and
cost structure is completely (instead of "marginally”) different under pure bundling
than under separate sales. Here the cost structure also changes completely (from
F% and FP under separate sales to I under bundling), but demand changes are
continuous (or marginal). The latter is due to the three-stage structure and two-
part tariffs used in our setting. Because of the redundancy in the two-part tariffs
under separate sales, we can focus without loss of generality on the transaction fees
only, and fix them at the optimal separate sales level. This allows us to fix agents’
gross expected surplus from transactions, which is one of two factors that determine
demand. The only other factor is the membership fee(s), which is exactly where
the bundling happens in our setting. Thus by increasing the bundled membership
fee, we can study the marginal effect of bundling, without changing the demand
dramatically. This is why our result resembles that of mixed bundling, although our
setting resembles that of pure bundling.

The differences between our result and that of MMW (1989) are also apparent.
First, Proposition 1 shows one way to increase the bundling profit only, and does not
address directly the comparison between separate and bundled sales. This is exactly
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because the bundling we study here involves pure bundling of two membership
services, which changes the fixed cost incurred for every user, unlike in the mixed
bundling case where the costs due to users of only one product remain unchanged.
Since the switch from separate sales to bundling in our setting is not as ”smooth”
in costs as that in MMW (1989), it does not allow a direct comparison of profits.??

A second difference is that Proposition 1 shows that an increase in the bundled
membership fee from zero is profitable, unlike in MMW (1989) where a decrease in
the bundle price (from the sum of optimal separate-sales prices) is profitable. Aside
from the fact that increasing the bundle price above the sum of separate-sales prices
is not feasible under mixed bundling, this difference also has to do with the three-
stage structure and two-part tariffs used in our setting. In Figure 4, the boarder
between X and PB and that between X and PS are fixed at the optimal separate-
sales levels and do not change when we raise A. This makes the change in N¥
second order to the rise in membership revenue and thus makes raising A profitable
overall. In MMW (1989)’s one-part pricing and one-stage game, however, changes
in demand due to changes in the bundle price are never second order to the revenue
changes, and thus there does not exist the same effect as in our setting.

In another paper, Gao (2009b), we study mixed bundling with network effects
by a mixed two-sided platform which is a direct extension of MMW (1989)’s result.

The Degree of Mixedness

By Proposition 1 alone we still do not know how the profit changes during the
transition from separate sales to bundling, i.e. whether II,,,; (P ) is larger or smaller
than II;(P%,). This comparison depends solely on how the cost structure changes
during the transition, including:

i) additional fixed cost of each pure seller (increase by F' — F'° > 0) and each
pure buyer (increase by F' — FZ > 0); and

ii) reduction on fixed cost of each seller—buyer (decrease by F'® + F¥ — F > 0).

As is common in the bundling literature, the cost structure matters in the con-
dition for bundling to yield a higher profit than separate sales. We provide such a
condition for mixed two-sided markets in Proposition 2.

Proposition 2 Suppose min(F°, FB) > 0, then bundling strictly dominates sepa-

rate sales if
NX*  F —min(F? FP)

Ny =  min(F%, FB)

S

where ]\]fgj is the proportion of seller-buyers in all users at the optimal separate
sales prices ijzo, which measures the degree of mizedness, and

F—min(F5,FB) . . . ,

—mm(FSEB)” 0 the percentage increase in the lower-cost group’s per-user fixed

cost due to bundling.

22In section 4.3 we change the assumptions about the cost structure and a direct profit com-
parison becomes feasible.
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Proof. See appendix. m

Proposition 2 directly connects the bundling effect to the mixedness of the two-
sided market. Its intuition is two-fold.

First and foremost, the higher the degree of mixedness of the market, the more
likely that bundling will dominate separate sales. The degree of mixedness of the
market is measured by the proportion of seller-buyers in all users at the optimal
separate sales prices, who are the most active traders on the platform. Although
endogenous, the degree of mixedness is essentially a measure of the concentration
of high-valued agents in the population. Seller-buyers have high values for both
sides of the market. They act as sellers and buyers in different transactions and
bring double revenues to the platform. Bundling can capture a higher demand in
this "special” market segment than separate sales. The condition in Proposition 2
ensures that there are sufficiently many of seller-buyers amongst users such that the
losses and savings due to cost changes are balanced out during the transition from
separate sales to bundling and that the transition between strategies is ”smooth” in
profit.

Second, the bundling strategy has one more ”degree of freedom” than separate
sales as implied by Lemmas 1 and 2. The separate-sales demand is determined by
two price instruments (a2 and a?, for example), while the bundling demand is deter-
mined by three price instruments (a°, a? and A). Even though the separate-sales
strategy (a2*,aP*) was optimal, after switching to bundling the platform can use
the third price, access fee A, to further manipulate demand. And this manipulation
turns out to be profitable as shown in Proposition 1.

The weakness of proposition 2 is that it does not provide a necessary condition
for bundling to dominate. But its strength lies in the fact that it puts no (direct)
constraints on the distributions of users’ values. Instead, it intuitively conditions
on the comparison between the degree of mixedness and the change in costs, which
gives a more general and straightforward expression than conditioning on the specific
forms of the distributions.

Proposition 2 may be used to explain why most mixed two-sided platforms,
such as landline and mobile telecom operators and financial intermediaries, choose
to use the bundling strategy. Even with separate sales, in equilibrium in these
markets there will likely be a large proportion of users using services of both sides,
which reflects the nature of mixedness in these markets. Moreover, in these markets
there does not appear to be significant changes in fixed cost per user when one-way
service is "upgraded” to two-way. Thus by Proposition 2 the monopoly platforms
can achieve higher profits by choosing bundling instead of separate sales.

4.2 Bundling with Bounded Agent Rationality

The assumption in the previous section, that agents are fully rational and they take
into consideration (by backward induction) all future benefits from trading (as a
seller, a buyer, and a seller-buyer) in their membership decisions, seems to work
in favor of bundling vis-a-vis separate sales. If agents consider only part of all
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the benefits from stage 3, in general the demand for the platform’s services under
bundling would be lower than it is with full rationality. In this section we test
the results on bundling strategy under an assumption of bounded agent rationality.
We show that even when each agent in her membership decision only considers the
benefit from trading on one side of the market, the previous results still hold.

We continue to use bundling price P, = (a3, a3, A).

A Motivating Example of Bounded Rationality

Sometimes, users may not be able to factor all potential benefits into their mem-
bership decisions. Take, for example, an agent who wants to buy a CD on eBay.
Before signing up, suppose she has a high expected payoff from this purchase. She
also has some idea about the possibility that she could one day sell her old CDs there
and expects a positive payoff from selling (which is lower than that from the current
purchase). Nonetheless, before joining she is not sure how the system will work and
how the payoff from future selling can be realized. Thus at the moment she may
have to make the decision based only on her current need. After becoming a user,
however, through time she gets familiarized with the services and can finally realize
her expected payoff from selling as well. In this example, the complexity of the
system, or the agent’s lack of information (of how to realize expected payoff), makes
it impractical to take account of the ”less urgent” need when making the decision.
The agent here is not fully rational when making her choices - she cannot consider
all potential needs ex ante. It is this particular kind of bounded rationality that we
will focus on in this section, and it is summarized in the following assumption:

Assumption M2 Given bundling price P,,, each agent makes her membership de-
cision based only on her more urgent need - the higher of u® and u®. The less
urgent need only affects her trading decision after becoming a member.

We believe for an online trading market M2 is more realistic than the assumption
of full rationality. Note that M2 does not apply in the case of separate sales. Under
separate sales, the agent is "forced” to make the fully rational membership decision
because the membership fees are separated for buying and selling. Thus, compared
with M1 (full rationality), M2 simply works against the appeal of the bundling
strategy vis-a-vis separate sales and hence can serve as a "test” of the robustness of
our previous results under full rationality.

By M2, the group of all users at bundling price P,, is the following set:?3

Yino = {w | max(u®,u?) > A}

From an ex post view, the set of seller-buyers under M2 at P, takes the following
form:

Xy = {w € Y | min(u®, v?) >0}

= {w | max(u®,u?) > A, and min(u®,u?) > 0}

23We use subscript m2 for all results derived under assumption M2.

16



Each seller-buyer, in the first instance of using the platform, is only interested
in either buying or selling. The first requirement max(u®,u”) > A makes sure she
is willing to sign up in the first instance. Nonetheless, after becoming a member she
is able to use the service of the opposite side without any further fixed fees. The
second requirement min(u®, u?) > 0 is to guarantee she will also use the service of
the other side later on. Thus it is exactly the agents in set X,,» that will end up
using the services of both sides.

With the distributions of values, we can find the demand in different market
segments at price P,, under M2, which in general will also depend on all three
prices - @, a® and A.?* This means in general bundling under M2 will also produce
different market demand than separate sales, unless all membership fees are zero.
The allocation of agents in different market segments at P,, under M2 is shown in
Figure 5.

Ve
v
PBmZ Xm2
a,+AIN,°
RS
s Sinml B = >
e} a, a, +AIN, Ve Ve

Figure 5: Bundling with Bounded Rationality

We denote the demand at bundling price P, = (a®,a®, A) under M2 as:?

24There is no redundancy in the bundling pricing strategy under M2. This can be
seen from Figure 5 where all three prices - a®, o and A - are necessary to characterize
the demand.

25The specific demand formulae under M2 are provided in the appendix, where, like in the case
with full rationality, N3, and N2, at price P,, are also determined by a simultaneous system of
two equations (12). In case the solutions to the system are correspondences, we still take their
suprema.
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The platform has the following profit formula at bundling price P, under M2:
2(Pp)= (A — F)Nya+(a”+a®—c) N3, NE, (5)
The Bundling Effect under Bounded Agent Rationality

Without the need of further specification of distributions, we have the following
general conclusion.

Proposition 3 Propositions 1 and 2 also hold with bounded agent rationality.

Proof. See appendix. m

The intuition of Proposition 3 is: Although in general the demand under bounded
rationality is lower than the demand under full rationality at the same bundling
price, when that price includes a zero membership fee, the different demand con-
verges to the same level. This can be seen by setting zero membership fees in the
definitions of X,,; and X,,5, which makes them coincide, and so will the demand in
any other market segment. Since under full rationality the conditions in Proposi-
tions 1 and 2 hold at degenerate bundling prices, they will continue to hold at the
same degenerate bundling prices under bounded rationality.

Proposition 3 implies that the strength of the bundling strategy doesn’t depend
on agents’ rationality of being able to foresee and take into account other potential
surplus from trading on the platform besides the "most urgently needed” service.
Rather, the strength of bundling lies in its consistency with the mixed nature of the
market. The results shown in Propositions 1, 2 and 3 are only due to the bundling
effect and the mixedness of the market.

4.3 Bundling with Activation Cost

We sometimes observe activation procedures required by platforms in real life. Mo-
bile network subscribers usually need to call the network operator to activate the
SIM card by providing some user information before being connected. eBay also
requires users to choose the service functionalities before they can use them. While
the platform may have many reasons to introduce this kind of procedures, we inter-
pret its incentive in this section as imposing a small but positive activation cost
on the users’ part in order to separate different user types which in turn allows it to
save fixed costs under bundling. We make the following new assumption:2¢

Assumption AC The platform requires that each user need to activate each kind
of service individually after becoming a member. An activation procedure will
involve an arbitrarily small but positive cost v > 0 for the agent. The platform
does not incur the fized cost of the relevant service until an agent activates it.

26Note that in section 4.3, in addition to assumption AC, we also implicitly revert to the full
rationality assumption M1, althogh the results shown here also hold under the bounded rationality
assumption M2.
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Under both separate sales and bundling, if an agent only activates the buying
service (resp. selling service), the platform only incurs FB (resp. F®) for

her; if an agent activates both services, the platform incurs F for her. F €
[max(F?, FB), F¥ + F5.

The activation cost is not a transfer to the platform. It may correspond to the
short moments an agent spends providing user information or the little effort she
makes to click on some buttons online. Because it is arbitrarily small, it has negli-
gible effect on agents’ membership and trading decisions and hence we consider the
demand in all the market segments unchanged. However the activation procedure
is useful for (among other things) separating the pure buyers and pure sellers from
the seller-buyers. Before introducing the activation procedure, the platform can-
not distinguish user type and thus have to incur F' (> max(F*, F'B)) for any user.
Under assumption AC, pure buyers and pure sellers will only activate one service
since the positive activation cost will deter them from activating the other service
from which they have non-positive gross expected surplus, and thus the platform
can distinguish them and only need to incur the relevant lower cost (F* or F'?) for
each of them. Therefore the platform saves fixed costs under bundling.

In summary, the two changes in the cost structure compared to our earlier setting
by introducing the activation procedure are:

i) under separate sales, an agent who activates both kinds of services (by incur-
ring 27) will now cost the platform F instead of F*¥ + FZ;

ii) under bundling, an agent who activates only the buying service (by incurring
7v) now costs the platform F'Z instead of F, an agent who activates only the selling
service (by incurring ) now costs the platform F* instead of F', and only those who
activates both (by incurring 2v) will cost the platform F'.

In the discussion of Proposition 2 in section 4.1 we explained that the transition
from separate sales to bundling is not smooth in costs - the structure of fixed costs
changes completely from F'° per seller and F'Z per buyer to F for every user. This
caused a problem for a direct profit comparison. Under assumption AC, however,
as discussed above there is no longer any change in the cost structure during the
transition from separate sales to bundling, and thus the transition becomes smooth
in profit. Therefore we immediately have the following new result.

Proposition 4 When there is activation cost v > 0, bundling strictly dominates
separate sales whenever X* # &.

Proof. See appendix. m

Proposition 4 is essentially Proposition 1 under assumption AC, where the new
cost structure allows a smooth transition from separate sales to bundling that leaves
profit unchanged, and thus there is no need for the condition in Proposition 2 for
bundling to dominate. As long as there are seller-buyers at the optimal separate-
sales price, Proposition 1 ensures that bundling is strictly more profitable.

Since the cost structure no longer play a role in the condition in Proposition
4, this result is purely due to the bundling effect, i.e. the fact that the bundling
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strategy has one more price instrument - the bundled membership fee - which can
capture a higher demand of seller-buyers without affecting the demand in other
market segments.

5 Conclusion

In real life, many two-sided markets are mixed - sellers may also buy and buyers can
also sell. To the best of our knowledge, this particular kind of two-sided markets
have not been formally modeled in the theoretical literature on two-sided markets.

Because an agent in a mixed two-sided market may have positive valuation for
the services that the platform provides to both sides, bundling (of different ser-
vices intended for different sides) becomes a relevant strategy for mixed two-sided
platforms. A hybrid kind of bundling strategies with two-part tariffs, i.e. pure
bundling of memberships and unbundled transactions, have become prevalent in
real-life mixed two-sided markets, such as telecommunications and financial inter-
mediation, which have not been formally modeled in the bundling literature either.

In this paper we provide a model that captures all these dynamics.

We show that there exists a bundling effect when the mixed platform uses this
hybrid bundling strategy, because it has one more price instrument - the bundled
membership fee - than the separate-sales strategy. We also show that the bundling
effect is closely related to the degree of mixedness of the market, measured by the
proportion of the users who are both sellers and buyers amongst all users. Such users
have high valuation for both kinds of services and are most active on the platform.
Their existense and prevalence on the platform represents the very nature of mixed
two-sided markets. We show that the higher the degree of mixedness, the more
likely that bundling dominates unbundled sales.

These results remain robust independently of whether agents are able to foresee
and take into account all potential surplus from trading on the platform or only
consider the surplus from their "most urgently needed” services. This robustness
check shows that our results come purely from bundling and the mixedness of the
market.

We also discuss a situation where the platform introduces an activation proce-
dure which allows it to separate user types and save costs. We show that such
procedures will relax the condition of the degree of mixedness and further enhance
the desirability of bundling vis-a-vis separate sales.

The model we have presented in this paper can be viewed from two different
perspectives.

First, it extends the theoretical literature on two-sided markets to the mixed
case, where sellers may also buy and buyers can also sell; and

Second, it extends the bundling literature to the case where there exist network
effects between the demands of the two products being bundled, and the pricing
strategies used are two-part tariffs.

There are far more work to be done in either of these two directions and this
paper is simply the first step. In another paper, Gao (2009b) - Bundling with
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Network Effects, we analyze in detail pure bundling, mixed bundling and some
other variations of bundling strategies by mixed two-sided platforms, which provides
some more general and complete results. Another very interesting extension would
be to conduct some empirical studies of the relationship between particular pricing
strategies (the level of membership fees, for example) and the degree of mixedness
in particular markets to test the theory presented here.
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6 Appendix - Proofs

Lemma 2

Demand under separate-sales price P, = (a°,a?, A%, AP):

N&= GS(NB—i—a)
NB= GB(NS+ B)
NX= NSNB |

N,= Nf +N§ N¥

Demand N3, and N5, under bundling price P, = (a°
determined by the following two simultaneous equations:

,aP?  A) (under M1) are

B _S(_A S
N - >[1 G (s +a%)] + My "
where
X S, S B/ B 4 g A—z B B/ B s,z s
Ny=[1 =G ()]t = G7(a7)]= | [G7(s—+a”) = G7(a”)]dG" (55~ +a”)
0 ml ml
(7)
And thus
Ni= Niy + N = NiXy = G2 (™)1 = G¥ (- +a%)] + G (a”)[1 = GP(g-+a”)] + N
At Py = (a®,a?,0,0) and P, = (a”,a®?,0) we have:
NX=N;=1 —GS( [ - G%(a”)]
NS=N®% =1-G%(a )
NB=NB =1- GB( B
Ny=N,=1-G%")G" (") m
Proposition 1
Step 1:
Under separate sales, we only need to consider degenerate price Py = (a?,a?,0,0) €

R4, where

NP=1-G5(a)

NP 1-GP(ab)
,(Py) = (¢ +aP—c)NSNP — FSNS — FBND
Thus at P¥, = (a 8*, aBP*,0,0), denote

NSS*: 1 - GS( Qg )

NB*_ 1 — G®(aP)

aas -(Py)= —g*(a$")(< 0)

N (Pry)= —g%(aP")(< 0)
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F.O.C. for the optimality of a3* and a?* requires
5ai (Plo) = NFNP* + [(a" + al — NP — F¥]- 5 (Pg) = 0

da?s % s
O (Py) = N*NP* + [(a5* + aP* — )N§* — FP- 2% (Pr) = 0=
NS*NB*
Sx Bx* Bx* S __ Vs s
(as + aj _C)Ns —F° = gs(ass*) <> 0) (8)
NS*NB*
(aS* +aP* —)NS* —FP =5 "5 (>0 9
25 (B (>0) (9)
Step 2:

Demand under bundling price P,, = (a®,a?, A):

Na=[1-G%(@”)][L ~ GB(GB)]—/O (G (455 +a”) = GP(a”)]dG” (- +a®)

ml—
Npi= G (a”)[L = G°(55+a®)]
NpP= G (a”)[1 - G (gz—+a”)]

NE= NE+NZ,
N51= Nr]ZlB + le

Npa= NE? 4+ NEP + N,

Thus at P/, = (a5*, aP*,0) we have
N;Zl - Nf*
Ny = NJ*
NXIINS* . NB*
8];5’{(1 (P! ,)=0 (i.e. the effect of raising A on N2, is second order)
aN;Z 8N£S GB af* S (zs‘s*
55t (Plg) =555 (P)0)= — et (5 (< 0)
8N5L BN%B GS af* B a?*
aAl(P;no):a—Al(P;no): _%(< 0)

Hml(Pm): (A— F)Nm1+(a§1 + aﬁ - C)NilNﬁl

aHm / aNrE / * * *
T (Plg) = Ny + S EH(PL) - [(af + al — NS~ F]
aNi / * * *
g (Pl - (a5 + al" = )N* = F] (10)

Substituting (8) and (9) into (10), we have

oIl GS aS* B aB* GB Bx\ S/ S«
Mo rg) = N SO0 p_pmy  Ga)g (0F) (s
8NPB aNPS
= v Dl ) ) el () (1)
Since 81gA£f (P! ,) <0, az;ﬁlB (P! ;) <0,and F > max(F*, F?), we have 6221 (P! ) >

0.1
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Proposition 2

By definition, at P%, = (a5*, aP*,0,0) the platform achieves the highest separate-
sales profit, which is

IL,(P%,) = (a5 + aP* — )NS*NB* — " NS*_ B N5
Sx__ 1 — Gs(af*)

NB*_ 1 — GB< B*>
And the platform’s profit at bundling price P/, = (a

where

Sx B* 0)

I (Plg) = (a5 4 aB* — ) NS*NP*—F(NS* + NP* — N1 )
Thus
1 (Pl) — T,(P%) = FNX* — (F — F)NS* — (F — FP)N5*

Since min(F*, FP) > 0, without lost of generality, suppose 0 < F* < FB < F.
NX* F—min(F5,FB _FS * *
Then S > Sl — FLE2 — PSNY* > (F — PN, = (F5 4+ F —

F)N* > (F — FS)N*

= FN > (F — FS)(N* + NX) = (F — F)(N5* + NP*) > (F — FS)N%* + (F — FB)NP*

= T (Plo) — L(PY) = FNX* — (F — FS)NS* — (F ~ FE)NE* > 0.

If 11,1 (P’,) — II,(P%,) > 0, we are done.

If I1,,; (P,5) — IIs(P%,) = 0, by Proposition 1 we know the platform can strictly
increase profit by raising A, and we are done.ll

Proposition 3

Under M2, demand N2, and NZ, at bundling price P,, = (a°,a?, A) is deter-
mined by the following two simultaneous equations:

Npp=1-G"(0") = G° (5 +a")[G (g +a%) = G°(a”)]

m2

NE~ 1 G(a®) - G (ghtad G (fota®) - Pa”) )
And we also have
Noo=1[1 - GS(NB +ad)][1 — G7(a”)] + [1 - P (55 +a?)[1 - G(a”)]
-n-c° (NB +a*)][1 - G¥(55-+a”)]
Npo= N5 ,+NEB, NX2_ 1— GS(NB +a%)G" (Nj‘i2+a3)
Still consider P! , = (a5*,aP*,0), i.e. a bundling price consisting of the opti-

mal separate-sales marginal fees and a zero membership fee, at which the demand
functions under M2 become:
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st— 1 - Gs(af*)
NBQ_ 1-— GB( Qg )
Noo= 1= G (@)1 ~ G” (")
Ny=1 - G5(a5%)G" (af")
Again we find they are exactly the same as the demand at the optimal separate-

sales price P¥, (and also the demand at P/, under M1). The rest of the proof
follows exactly the same as in the proofs of propositions 1 and 2.1

Proposition 4

Assumption AC does not change the demand functions, but it does change the
cost structure and hence the profit functions under both separate sales and bundling.
The new profit functions are:

At at separate-sales price P, = (a?,a?, A% AP),

¢ (P,) = (aS+al~¢)NINP + (A5 — FS)NES 4 (AP — FP)NPP 4 (A5 + AP -

And at bundling price P, = (a®,a®, A),

A%(P,,)= (a5 +al — c)NSNB+(A — FS)NPS +(A—FB)NI'B + (A—- F)NX
Thus at P, = (a 5*7 SB*,O 0) and at P/, = (a5*,a f*,O) we have

MAC(PYy) = LG (P),) = (a5 + al* — ¢)NS*NE* — FENPS—FPNPB* — pNX*
Thus profit remains unchanged after switching from P}, to P

F.O.C. for the optimality of a5* and aZ* requires

g:sc (PZO) NS*NB* +( S +CIB* . ) NB* 8N (PZO)
PS B
—Fs. 8;;5 (P%,) — FB. 8;;3 (P*,)—F- %JZB (P’;O) =0=
(CLS* —I—CLB* i C) . NB* _m + FS(l . NB*) + (F . FB)NB* (13)
s s s gS(CLS*) s s

S abe_ ). NS =N N g — NJ*) + (F — F°)N* 14
(as +as C) s _gB(CLB*) + ( ) ( ) s ( )
Now consider - (P’ 0)
HAC / aNB !/ * * *
SE(Plg) = Nt E(P) - [(8 +al — N - FP
aNS / S Bx Bx S
et (Pro) - [(a" + 0" = )N = F7] (15)

Substituting (13) and (14) into (15), we have
HAC

S (Plg) = NINPU L (FS 4+ FP = F) (G0 (@) + GP(al")g” (a3")]
aNPB ! B*aNPS !
(P0) = NJ* =5 (P)]

S

— NS*NB* FS FB _F NS*
SUND® 4 (FS 4 PP — P~ O
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. BN,IZS / 8N£B
Since =5 (P},,) < 0, =52~ (P,1) < 0,and F < F¥ + FB so whenever NJ*NP* £ 0

] * 8I_I'm
i.e. X*# g, we have 52 (P; ) > 0.0
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