
 

CHAPTER 9

Hybrids and connections

This chapter considers hybrid methods in which empirical likelihood is combined
with other methods. There are a number of problems where a parametric like-
lihood is known or trusted for part, but not all, of the problem. In those cases,
hybrid methods fill in the gaps with empirical likelihood. Similarly, an empiri-
cal likelihood can be combined with a Bayesian prior distribution, the bootstrap,
and various jackknives. Bootstrap calibration of empirical likelihood is discussed
elsewhere (Chapters 3.3 and 5.6.), as is a hybrid between empirical likelihood and
permutation tests (Chapter 10.3).

There are also deep connections between empirical likelihood and other non-
parametric methods of inference. This is not surprising. Loosely speaking, two
methods that are asymptotically correct to some order might be expected to agree
to at least that order. Connections to bootstraps, jackknives, and sieves are pre-
sented.

9.1 Product of parametric and empirical likelihoods

Consider a setting with two samplesX1, . . . ,Xn andY1, . . . , Ym. Suppose that
all n + m observations are independent, and that we have a trusted parametric
model in whichYi ∼ g(yi; θ), but no such model is available forXi. For example,
Yi may be from an instrument shown by experience to be normally distributed
while theXi may be from a newer kind of equipment. Similarly, the inter-arrival
timesYi for a queue may be known to have an exponential distribution, but the
service timesXi may not belong to a known parametric family.

A natural approach is to form a likelihood that is nonparametric in the distribu-
tion F of theXi but is parametric in the distributionG of theYi. That is,

L(F, θ) =
n∏
i=1

F ({Xi})
m∏
j=1

g (Yj ; θ) ,

with likelihood ratio function

R(F, θ) =
n∏
i=1

nwi

m∏
j=1

g(Yj ; θ)

g(Yj ; θ̂)
,

where as usualF =
∑n
i=1 wiδXi

for weightswi ≥ 0,
∑n
i=1 wi = 1, andθ̂ is the

parametric MLE ofθ computed from theYi data.
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Suppose that we are interested in a parameterφ defined through estimating
equations

E (h(X,Y, φ)) =
∫∫
h(x, y, φ)dGθ(y)dF (x) = 0.

If h(X,Y, φ) only involvesX, or only involvesY , then ordinary empirical or
parametric likelihood, respectively, is available. When both distributions are in-
volved, define

R(φ) = max
F,θ
R(F, θ)

subject to
n∑
i=1

wi

∫
h(Xi, y, φ)dGθ(y) = 0.

Under mild conditions (see Chapter 9.11), an asymptoticχ2 calibration with de-
grees of freedom equal to the dimension ofh is appropriate.

9.2 Parametric conditional likelihood

Consider independent(Xi, Yi) pairs, fori = 1, . . . , n, with Xi ∈ R
p andYi ∈

R
q. Now suppose that we have a parametric density or mass functiong(y|x; θ)

for the conditional distribution ofY givenX but no parametric likelihood for the
marginal distribution ofX. Then the hybrid likelihood is

L(F, θ) =
n∏
i=1

F ({Xi})g(Yi | Xi; θ). (9.1)

More generally, withm−n ≥ 0 further observations withXi but notYi measured,
the likelihood is

L(F, θ) =
m∏
i=1

F ({Xi})
n∏
i=1

g(Yi | Xi; θ). (9.2)

Exercise9.1 considers observations with Yi but notXi measured.
It is natural to suppose that there is no known relationship betweenθ andF .

If the statistic of interest only involves theX distribution, or only involves the
distribution ofY givenX, then we may use a marginal empirical likelihood of
X or a parametric conditional likelihood ofY givenX, respectively. But if the
statistic of interest involves both distributions, then there is something to be gained
by using (9.1) or (9.2).

Suppose, for example, that givenX = x, the responseY has theN(β0+β1x+
β2x

2, σ2) distribution. We might want to know the valuex0 = −β1/(2β2). This
x0 represents a minimum ofE(Y | X = x) if β2 > 0. It is a maximum if
β2 < 0. The averageX value deviates from this optimum by an amount∆ =
E(X) + β1/(2β2). This∆ represents the amount of the correction that needs to

©2001 CRC Press LLC



 

be applied to the averageX value to reach the optimum. It depends on both the
parametric and nonparametric parts of the data description.

An asymptoticχ2 distribution has been shown for this hybrid likelihood ratio
(see Chapter 9.11) for a problem incorporating some side information. That the-
orem has a scalar parameter of interestµ defined through a smooth estimating
equationE(h(X, θ, µ)) = 0. There is no reason to suppose that the scalar setting
is special here, and so it is reasonable to believe that the hybrid likelihood can be
used to generate tests and confidence regions quite generally.

It is interesting to consider the reverse situation where the marginal likelihood
is parametric and the conditional likelihood is empirical. Letf(x; θ) be the para-
metric density or mass function ofX. LetG0,x(Y ) be the conditional distribution
of Y givenX = x, and letGx(Y ) be a candidate. Assuming no ties, the likelihood
is

L(θ,GX1 , . . . , GXn
) =

n∏
i=1

f(Xi; θ)GXi
(Yi).

Maximizing this likelihood is degenerate if there are no ties among theXi. The
NPMLE for θ matches the parametric one, but everyGXi

is a point mass at the
corresponding value ofYi. If there are a small number of distinctXi with a large
number of occurrences each, then NPMLE’s for them are not degenerate. Failing
that, a model linkingGx for differentx values is required. IfGx(y) = G(y −
h(x)), for a known functionh(x), or more generallyGx(y) = G(y−h(x, γ)) for
a parameter vectorγ, then the likelihood

L(θ,G, γ) =
n∏
i=1

f(Xi; θ)G(Yi − h(Xi, γ))

is not necessarily degenerate.

9.3 Parametric models for data ranges

Another case where parametric and empirical likelihoods mix is where the data
Xi are thought to follow a parametric modelf(xi; θ), over a subset of their range.
For example, the random variableXi may be thought to be normally distributed
over some central values[−M,M ] but not necessarily in the tails. Or theXi
may be positive random variables known to have an exponential tail,f(x; θ) ∝
exp(−θx) for x > x0. As in the previous sections, we might get a sample that is
partly parametric and partly nonparametric, but in this case it is not known which
likelihood applies to an observation until that observation becomes available.

Suppose thatX ∼ f(x; θ) for x ∈ P0, but not necessarily forx 
∈ P0. Introduce
the shorthandP0(x) for 1x∈P0 . The appropriate likelihood hybrid is then

n∏
i=1

[f(Xi; θ)]
P0(Xi) w

1−P0(Xi)
i ,
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wherewi ≥ 0, wi = 0 whenXi ∈ P0, taking 00 = 1, and we impose the
constraint ∫

P0

dF (x; θ) +
n∑
i=1

wi(1− P0(xi)) = 1.

Again under mild conditions including smoothness inθ of the parametric distri-
bution (see Chapter 9.11), the combined likelihood has the asymptoticχ2 distri-
bution that one would expect.

9.4 Empirical likelihood and Bayes

Let θ be a parameter with estimating equationE(m(X, θ)) = 0. Suppose that we
are willing to specify a prior densityπ(θ) for θ, but that we have no parametric
family for the distributionF of X. The opposite situation, where a parametric
model is given forθ but we are reluctant to specify a prior, is very commonly
approached with flat non-informative prior distributions.

We will suppose that
∫
θ∈Θ
π(θ)dθ = 1. Then a natural procedure is to take the

posterior distribution ofθ to be

L(θ|X1, . . . , Xn) =
π(θ)R(θ)∫

θ∈Θ
π(θ)R(θ)dθ

, (9.3)

whereR(θ) is the profile empirical likelihood ratio function forθ. There is as
yet little known about how well this proposal works. Some theory and simula-
tions showing the asymptotic accuracy of posterior probability statements com-
puted fromL(θ|X1, . . . , Xn), whenθ is a univariate mean, are described in Chap-
ter 9.11.

The process is simply to multiply the empirical likelihood by a prior distri-
bution, and then renormalize to a proper density function. This appears to avoid
putting a prior on the space of all distributionsF , or even on the whole simplex
of multinomial weights. The rationale behind the process is as follows: Empirical
likelihood is approximately using a least favorable family forθ. This is a para-
metric family of the same dimension asθ. The prior distribution onθ induces a
prior distribution on this same family. Multiplying the prior on the family by the
likelihood on the family yields a posterior density on the family.

If nuisance parametersν are defined jointly withθ throughE(m(X, θ, ν)) = 0,
then we place a priorπ(θ, ν) on θ andν. The posterior distribution onθ andν is
then proportional toπ(θ, ν)R(θ, ν), and the posterior distribution forθ is obtained
by integrating outν.

9.5 Bayesian bootstrap

To describe the Bayesian bootstrap, suppose at first that the distributionF0 at-
taches probability1 to the known finite set{z1, . . . , zk}. This constraint will be
lifted later. Thezj may be inR

d or even in more general spaces. Then there is
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a finite dimensional parametric space of candidate distributionsF defined by the
parameter vectorω = (ω1, . . . , ωk)′ ∈ Sk−1 with ωj = F ({zj}). The unit prob-
ability simplexSk−1 is defined in equation(2.6), replacingn there byk.

The Bayesian bootstrap places a Dirichlet prior onθ. The Dirichlet prior is
proportional to1ω∈Sk−1

∏k
j=1 ω

mj

j . If the sample containsnj observations equal
to zj , then the posterior distribution is also a Dirichlet, and is proportional to
1ω∈Sk−1

∏k
j=1 ω

mj+nj

j . The choicemj = −1 is particularly convenient. If there
are anyzj with nj = 0, then the posterior distribution is improper, having an
infinite integral. That posterior can be interpreted as placing probability1 onθj =
0 for everyj with nj = 0. Then the posterior distribution is proportional to

1ω∈Sk−1

∏
j:nj>0

ω
nj−1
j

∏
j:nj=0

1ωj=0. (9.4)

The unobservedzj for whichnj = 0 do not appear in the posterior distribution,
and this lifts the constraint that we have to know what they are.

The Bayesian bootstrap samples from the posterior distribution implied by (9.4).
To generate a sample from the posterior distribution, drawn independentU(0, 1)
random variablesUi, transform them into exponential random variablesYi =
− log(Ui), and then takewi = Yi/

∑n
j=1 Yj . The sampled value ofωj is then∑

i:Xi=zj
wi. For a statisticT (F ), the resampled value isT (

∑n
i=1 wiδXi

). The
Bayesian bootstrap sample consists ofB independently sampled values ofT . The
posterior probability of a setC is estimated by the fraction of theB resampledT
values that happen to be inC, and a posterior moment is simply the average over
B sampled values of the corresponding power ofT .

The empirical likelihood is proportional to
∏k
j=1 ω

nj

j . Apart from the way un-
observedzj are handled, the empirical likelihood is obtained as a posterior dis-
tribution for the non-informative Dirichlet prior havingmj = 0. This is a non-
parametric analogue of the familiar fact that the posterior is proportional to the
likelihood, when a non-informative prior is used.

9.6 Least favorable families and nonparametric tilting

Empirical likelihood works with ann-dimensional family of distributions sup-
ported on the sample points. For dataXi ∈ R

d, we maximize the empirical
likelihood subject to a constraint like

∑
i wiXi = µ. As µ varies through ad-

dimensional space, ad-dimensional subfamily of the multinomial distributions
arise as constrained maxima. This family may be indexed byµ, or by the La-
grange multiplierλ.

For a statisticθ = T (F ) ∈ R
p, there is usually a reduction to ap-dimensional

family of multinomial distributions. Similarp-dimensional subfamilies may also
be defined through other discrepancies such as empirical entropy or the Euclidean
likelihood.

The nonparametric tilting bootstrap draws samples from members of one of
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these lower dimensional subfamilies of multinomial distributions. For a scalar
parameterθ such as the univariate mean, there is a univariate family of distribu-
tions. Denote the generic member of this family byFθ and letwi(θ) = Fθ{Xi}.
Bootstrap samples can be drawn from these multinomial distributions by taking
X∗b
i = XJ(i,b), where fori = 1, . . . , n andb = 1, . . . , b the indicesJ(i, b) are

independent withPr(J(i, b) = k) = wk(θ). Thenθ̂∗b is the value of̂θ on the data
X∗b

1 , . . . , X
∗b
n . The values

θL = min{θ | Pr(θ̂∗ ≥ θ̂ ; Fθ) ≥ α/2},
θU = max{θ | Pr(θ̂∗ ≤ θ̂ ; Fθ) ≥ α/2},

are the lower and upper limits, respectively, of the nonparametric tilting approxi-
mate100(1− α)% confidence interval.

It can be very laborious to sample from many members of a parametric family,
searching for the desired endpoints. Importance sampling can be used to reweight
data from one distributionFθ to obtain unbiased expectations under another dis-
tribution Fθ′ . The nonparametric tilting bootstrap samples fromFθ̂ with every
wi = 1/n, and so the importance sampling weight is

∏n
i=1 nwJ(i,b)(θ) in boot-

strap sampleb. A further advantage of importance sampling is that the simulations
for different values ofθ are coupled, which makes it more likely that the search
for endpoints can be done by looking for the point at which a monotone function
is zero. Using the Kullback-Liebler family gives an especially convenient expo-
nential tilting form for the importance sampling weight factors.

A least favorable parametric family is sometimes described as one in which the
estimation problem is hardest, sometimes as one in which the estimation problem
is as hard as in a parametric problem. Usually difficulty is measured through a
discrepancy measure. So if a statistic is defined throughT (F ) andθ0 is the true
value ofT , then family might consist of distributionsFθ for which T (Fθ) = θ,
and subject to this, a distance measureD(Fθ0 , Fθ) is minimized.

Empirical likelihood, nonparametric tilting, and some other methods described
in Chapter 9.11 all employ least favorable families. These methods use random,
sample based families. The value of a least favorable family is that it has not made
the statistical problem artificially easy.

It is possible to construct some parametric families in which inference is out-
landishly hard, although still not least favorable. TheN(0, 1) distribution is a
member of the family

f(x; θ) = (1− ε)N(0, 1) + εN(θ/ε, 1). (9.5)

Here f(x; θ) has meanθ. For ε = 10−100 and any reasonable sample size, it
would be very hard to estimateθ. Using multinomial families on the data rules
out unreasonably hard cases like (9.5).
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9.7 Bootstrap likelihood

Suppose that we compute an estimateT̂ = T (F̂ ) of θ = T (F0), using an IID
sampleX1, . . . , Xn ∈ R

d. In a parametric family indexed byθ, the probability
density functionf(T̂ ; θ) could be interpreted as a partial likelihood forθ. The
qualifier “partial” reflects thatf does not give the joint density ofX1, . . . , Xi, but
just that of the function̂T computed from them. In Chapter 13.3 a similar density
is called a pseudo-likelihood.

The bootstrap likelihood uses two levels of resampling, some density estima-
tion, and some regression smoothing to estimatef(T̂ ; θ) from the data. We will
suppose thatT (F ) ∈ R. For r = 1, . . . , R, let X∗r

1 , . . . , X
∗r
n be a bootstrap

sample of the data, with correspondingT valueT̂ ∗r. Then forr = 1, . . . , R and
s = 1, . . . , S, letX∗rs

1 , . . . , X∗rs
n be a bootstrap sample fromX∗r

1 , . . . , X
∗r
n with

correspondingT value T̂ ∗rs. A preliminary bootstrap likelihood at̂T ∗r is then
estimated by a kernel density estimate

L(T̂ ∗r) = f̂(T̂ ; T̂ ∗r) =
1
Sh2

S∑
s=1

K2

(
T̂ ∗rs − T̂
h2

)
,

whereK2 is a kernel function (Chapter 5) andh2 is a bandwidth.
It is possible to haveL(T̂ ∗r) 
= L(T̂ ∗r′) even whenT̂ ∗r = T̂ ∗r′ . For this rea-

son, and to interpolate, the bootstrap likelihood is defined through further smooth-
ing, such as

LB(θ) = f̂(T̂ ; θ) =

∑R
r=1K1

(
T̂∗r−θ
h1

)
L(T̂ ∗r)∑R

r=1K1

(
T̂∗r−θ
h1

) ,

for the kernelK1 and bandwidthh1, or through some other scatterplot smoother.
The bootstrap likelihood has been shown to match the empirical likelihood, but

only to first order. Much of the research on bootstrap likelihood aims at reducing
the computational burden. See Chapter 9.11.

9.8 Bootstrapping from an NPMLE

The usual form of the bootstrap resamples from the empirical distributionFn.
In IID sampling the empirical distribution is the NPMLE. In settings with side
information,Fn is not the NPMLE, and an attractive alternative is to use empirical
likelihood to construct the NPMLÊF , and then resample from̂F . When the side
information is specified byE(m(X, θ, ν)) = 0 then the NPMLE of Chapter 3.10
is F̂ =

∑n
i=1 wiδXi

, wherewi ≥ 0,
∑n
i=1 wi = 1,

∑n
i=1 wim(Xi, θ, ν) = 0,

and
∏n
i=1 nwi is maximized subject to these constraints. Similarly, when the data

were obtained by biased sampling, then bootstrapping from the NPMLE becomes
attractive.

Resampling fromF̂ is straightforward. LetCi =
∑i
j=1 wj , with the under-

standing thatC0 = 0. To generate a bootstrap sample drawnB independent
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U(0, 1) random variablesU bi , for 1 ≤ i ≤ n and1 ≤ b ≤ B. Turn these into
resampled observations whereXbi = Xj wheneverCj−1 < U

b
i ≤ Cj . This pro-

ducesB bootstrap data sets(Xb1, . . . ,X
b
n), for b = 1, . . . , B.

The Euclidean likelihood can also be used to define an NPMLE from which to
resample. But sampling from the Euclidean likelihood NPMLE is hard to define
in cases where somewi < 0.

9.9 Jackknives

The jackknife is a leave-one-out method of forming confidence regions for a sta-
tistical quantityθ. Suppose that the true value isθ0 = T (F0) ∈ R

p and the
sample value isT (F̂ ). For a candidate distributionF =

∑n
i=1 wiδXi

where
wi ≥ 0 and

∑n
i=1 wi = 1, defineT (w1, . . . , wn) = θ(F ). The NPMLE is

θ̂ = T (1/n, . . . , 1/n). DefineT−i = θ((1 + 1/n)F̂ − (1/n)δXi
), the value ofθ

on a hypothetical sample of then− 1 observations other thanXi. Now let

T−• =
1
n

n∑
i=1

T−i, and

S =
n∑
i=1

(T−i − T−•)(T−i − T−•)′.

The value(n− 1)(T−• − T (F̂ )) is often used as an estimate of the bias inT (F̂ ),
and the corresponding bias-corrected estimate ofT (F ) is nT (F̂ )− (n− 1)T−•.
Also S or (n − 1)S/n can often be used to estimate the variance ofT (F̂ ) or of
T−•. Forp = 1, a simple 95% confidence interval forθ0 may then be calculated
asT (F̂ )± 1.96

√
S.

The infinitesimal jackknife is based on the linear approximation

T (w1, . . . , wn) = θ̂ +
n∑
i=1

wiTi(F̂ ),

where

Ti(F ) = lim
ε→0

T ((1− ε)F + εδXi
)− T (F )

ε
. (9.6)

In the infinitesimal jackknife, a variance estimate forθ̂− θ0 can be constructed
as

1
n2

n∑
i=1

Ti(F̂ )Ti(F̂ )′.

The coefficientn−2 can be replaced by1/(n(n− 1)) in order to get an unbiased
variance estimate for the variance of linear statistics of the formT (w1, . . . , wn) =∑n
i=1 wiQ(Xi). One of the algorithms for maximizing empirical likelihood (see
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Figure 9.1The upper left plot shows the reweighings of the data used by the bootstrap,
for n = 3. The upper right and lower left show the jackknife and infinitesimal jackknife
reweightings, respectively. The lower right plot depicts a region used by empirical likeli-
hood.

Chapter 12.6) is an empirical likelihood test of whether theTi(F̂ ) have mean
θ0 − θ̂. They have samplemean 0.

Figure 9.1 compares the points in the simplex used in nonparametric infer-
ences, forn = 3. When the infinitesimal jackknife fails it is often because it only
uses reweightings that are a negligible distance from the center(1/n, . . . , 1/n).
It works with a linear approximation toT , and this may be inadequate ifT is
nonlinear enough. The jackknife has similar difficulties because the points it uses
are onlyO(1/n) away from the center. Even when they do not fail, approxima-
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tions based on expansions around the MLE can work badly in some settings. Lin-
earization inference in nonlinear least squares, Greenwood’s formula in survival
analysis, and Wald tests are often found to be inferior to methods that are not so
strongly localized around the MLE.

The bootstrap and empirical likelihood achieve greater generality than the jack-
knives in part because they consider reweightings at a distance (or average dis-
tance) ofO(n−1/2) from the center. The difference is illustrated by the median,
for which the jackknife and infinitesimal jackknife do not provide consistent vari-
ance estimates.

9.10 Sieves

In some nonparametric problems, there is an infinite dimensional family of esti-
mators and an MLE does not exist. For example, consider the problem of estimat-
ing the densityf from an IID sample of random variablesXi ∈ [0, 1]. The density
f is a nonnegative function integrating to1 over [0, 1]. The natural likelihood to
use isL(f) =

∏n
i=1 f(Xi), butL(f) is unbounded over the family of densities,

thus there is no NPMLE.
A sieve approach to this problem is to consider a regularized set of densities,

such as densities that are piecewise constant on[0, 1] with the allowed disconti-
nuities at knotstj = j/m for j = 1, . . . ,m − 1. Given a value ofm > 1, the
NPMLE is a histogram estimator. The NPMLE might not be unique if someXi
equals sometj , but a unique choice can be forced by takingf to be continuous
from the left. The sieve approach to the histogram estimator letsm → ∞ at a
suitable rate, asn → ∞. Sieves are more general than the histogram estimator,
and the controlling parameterm is not always integer valued. For example, a sieve
could be constructed by taking all continuous densities with

∫ 1

0
f(x)2dx < m.

Empirical likelihood can be thought of as a sieve method. The family of candi-
date distributions is usually all those that reweight the sample. It may also include
distributions that put some weight on a number of non-observed values. Two fea-
tures of empirical likelihood distinguish it from sieve methods. First, the family
of candidate distributions is random, as it depends on the sample. Second, the
emphasis is shifted from maximum likelihood to likelihood ratios.

While sieves originated to handle an infinite dimensional parameter set, they
may also be applied in problems with an infinite number of estimating equation
constraints. Some examples of such problems appear in Chapter 10.

The sieved empirical likelihood (SEL) has been developed for some condi-
tional moment restriction problems. Suppose thatX andZ are jointly distributed
random variables and that the estimating equation

E(m(Z, θ) | X = x) = 0 (9.7)

holds for allx. Then, of course,E(m(Z, θ)) = 0 holds unconditionally, too, but
(9.7) is a more stringent condition. For instance, in a regression model we might
haveZ = (X ′, Y ′)′, andm(Z, θ) = Y − g(X, θ). Letu(X) be a vector of func-
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tions ofX. ThenE(u(X)(Y − g(X, θ))) = 0 and if u has enough component
functions in it, we get an overdetermined set of unconditional estimating equa-
tions forθ.

A lower bound is known for the variance of an asymptotically unbiased esti-
matorθ̂ from n IID observations:

nVar(θ̂) ≥ V0 ≡
(
E

(
D(X)′Ω(X)−1D(X)

))−1

whereD(x) = E(∂m(Z, θ)/∂θ | X = x) andΩ(x) = E(m(Z, θ)m(Z, θ)′ |
X = x). Moreover, the solution to estimating equationsE(u(X)m(Z, θ)) = 0
attains this asymptotic variance bound for the (usually unknown) vectoru0(x) =
D(x)′Ω(x)−1. The functionsu(X) are called instrumental variables andu0 are
the optimal instruments.

A sieved empirical likelihood approach imposes(9.7)at then sample valuesxi,
using some smoothing. LetKij = K((xi − xj)/h), for a kernel functionK and
bandwidthh, and letKi• =

∑n
j=1Kij . Define the conditional empirical log like-

lihood functionLi(F ) =
∑n
j=1Kij log(wij) for F ({Zj} | Xi) = wij ≥ 0 and∑n

j=1 wij = 1. MaximizingLi subject to
∑n
j=1 wijm(Zj , θ) = 0 is the same

weighted empirical likelihood problem we solved in Chapter 8.7 for finite pop-
ulation sampling designs, withKi• playing the role ofD there. Let the solution
be F̂i with weightsŵij(θ), and now define?(θ) =

∑n
i=1 log ŵii(θ), and letθ̂

maximize?(θ).

Theorem 9.1 Let (Xi, Zi) be IID. Under some mild conditions that uniquely
identify the true valueθ0, conditions that impose smoothness onm, and condi-
tions onK andh,

√
n(θ̂ − θ0) → N(0, V0). Further, if θ̃ maximizes?(θ) subject

to s conditionsC(θ) = 0 where∂C/∂θ has ranks, then−2(?(θ̃)− ?(θ̃)) → χ2
(s)

asn→ ∞.
Proof. Fan & Gijbels (1999) and Kitamura, Tripathi & Ahn (2000).

More general random sieves have been proposed, particularly for certain re-
gression problems. In linear regression models relatingYi to a predictorXi and
a parameterβ, there is a residualei = Yi − X ′

iβ. In certain models, however,
there is no uniqueei that can be computed from a givenXi, Yi andβ. A simple
example without anyXi, is the following mixed effects model

Yij = θj + αi + εij , i = 1, . . . , n, j = 1, . . . , k

for scalar parametersθj and independent errorsαi, εij , with mean0, Var(αi) =
σ2

1 , andVar(εij) = σ2
2 . Given θ = (θ1, . . . , θk) andYi = (Yi1, . . . , Yik) we

cannot computeei = (αi, εi1, . . . , εik) though we do know thatαi + εij = Yij −
θj .

For a random sieve model, we can identify a setBi(θ) known to containei. For
the random effect example

Bi(θ) = {(αi, εi1, . . . , εik) | αi + εij = Yij − θj , j = 1, . . . , k} .

©2001 CRC Press LLC



 

If Bi(θ) is not a finite set of points, the random sieve method selects a set of points
Eij ∈ Bi(θ), j = 1, . . . , ni. For largern, the numbersni increase to give better
coverage ofBi. Consider a family of distributions, with the generic memberF
putting probabilitypij ≥ 0 on the observation(Xi, Yi, Eij) for i = 1, . . . , n and
j = 1, . . . , ni with pi =

∑ni

j=1 pij and
∑n
i=1 pi = 1. The sieved likelihood is the

maximum of
∏n
i=1 pi over members of the family satisfying a set of constraints.

For random effects the constraints might express thatE(αi) = 0, Var(αi) = σ2
1 ,

and that forj = 1, . . . , k, E(εij) = E(εij − σ2
2) = E(αiεij) = 0. Methods for

choosing theEij are in articles cited in Chapter 9.11.

9.11 Bibliographic notes

Parametric-empirical hybrids

Qin (1994) presents the semi-empirical likelihood, in which an empirical likeli-
hood is used for one sample and a parametric one is used for the other. He consid-
ers the example whereXi andYj are scalars and interest centers onE(X)−E(Y ).
Qin (2000) considers multiplying a parametric conditional likelihood by an em-
pirical marginal one, and presents a theorem from Qin (1992) establishing aχ2

(1)

limit for a statistic defined through a smooth estimating function. Qin (2000)
simulates some examples that Imbens & Lancaster (1994) treated by generalized
method of moments, and remarks that the likelihood formulation makes it easier
to incorporate observations whereXi but notYi was measured. Those examples
consider samples augmented by side information from the census.

Qin & Wong (1996) present another semi-empirical likelihood in which the
data are parametric or not, depending on their values. They consider the case
where the parametric model holds ifx ≤ T0, and establish aχ2 calibration for
a univariateθ that enters the likelihood smoothly. Moeschberger & Klein (1985)
consider a parametric model for a tail subject to censoring combined with a non-
parametric model to the left of that tail.

Lazar (2000) studies the product of a prior density on the univariate mean and
an empirical likelihood for that mean. She shows that the posterior distribution is
asymptotically normal, as one would expect from an asymptotically quadratic log
likelihood. As a result, we can expect in general that the computed posterior prob-
abilities of intervals are asymptotically justified. The arguments parallel those of
Monahan & Boos (1992) for parametric likelihoods. In simulations, accuracy can
be measured by finding the distribution under sampling of the posterior probabil-
ity attached to the set(−∞, µ] whereµ is the true mean. This posterior probability
should have nearly a uniform distribution. Figure 1 of Lazar (2000) shows an ex-
ample in which the accuracy is good forn = 50 but perhaps not forn = 10.
Figure 2 shows an example where the accuracy appears good withn = 20.
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Bootstrap connections

The Bayesian bootstrap was proposed by Rubin (1981). Newton & Raftery (1994)
illustrate its use on a number of frequentist inference problems. The bootstrap
likelihood was proposed by Davison, Hinkley & Worton (1992). Some computa-
tional improvements are given in Davison, Hinkley & Worton (1995) and Pawitan
(2000).

Efron (1981) introduces the nonparametric/exponential tilting bootstrap. Fur-
ther results for it appear in DiCiccio & Romano (1990), as described below under
least favorable families. Efron emphasizes the Kullback-Liebler family but also
presents a version using a nonparametric likelihood discrepancy, giving rise to
the same family of distributions in the simplex that empirical likelihood uses.

Zhang (1999) resamples from an NPMLE constructed to incorporate side in-
formation in the form of estimating equations. He produces confidence bands and
tests for the distribution function of a scalar random variable, and confidence in-
tervals for the mean and variance of a scalar. Zhang (1997) constructs confidence
bands for the quantile function by bootstrapping from an NPMLE. Hall & Pres-
nell (1999b) term this the b-bootstrap, and they show its wide applicability and
describe the asymptotic behavior.

Ren (2001) defines the leveraged bootstrap. The leveraged bootstrap takes IID
samples of sizem from an NPMLE. The bootstrap samples are IID, even though
the original data was subject to interval censoring. Careful calibration makes up
for the discrepancy.

Chuang & Lai (2000) describe a hybrid method in which they construct a para-
metric family on the simplex of observation weights and use the bootstrap in that
family. They find good results this way for some hard inferential problems such as
the analysis of group sequential trials, explosive time series, and Galton-Watson
processes.

Least favorable families

The notion of a least favorable family is due to Stein (1956). He used it to re-
duce nonparametric problems to parametric ones that were at least as hard. Efron
(1981) shows a least favorable family property of the one-dimensional multino-
mial sub-family. Whenθ is the mean, the Fisher information in the sub-family is
the inverse of the sample variance, holding forFX̄ and even for other membersFθ.

DiCiccio & Romano (1990) show that one can construct ap-dimensional sub-
family of multinomial distributions using any of various discrepancy measures.
Once one has such a family, one can bootstrap within it, use the likelihood func-
tion in it, or use another distance function in it. They show that one-sided cov-
erage errors areO(1/n) for the nonparametric tilting bootstrap. They also show
that the reduced family is least favorable for more general statistics than the mean.
Hesterberg (1999) investigates exponential tilting bootstrap confidence intervals
for nonlinear statistics, using importance sampling. He compares likelihood- and
entropy-based intervals.
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Empirical likelihood corresponds to using the likelihood ratio function in the
least favorable family defined by the likelihood discrepancy. Lee & Young (1999)
recommend defining ap-dimensional parametric family through the exponential
discrepancy, and following up with a likelihood ratio test in that family. Corcoran
et al. (1995) recommend using the exponential discrepancy (empirical entropy) to
form ap-dimensional family, and then using the Wald test (a sandwich estimator)
within that family. They report some simulations in which aχ2 calibration is quite
accurate for this combination. Davison & Hinkley (1997, Chapter 10) recommend
a Rao test within a family formed by exponential discrepancies.

Where Efron (1981) considers sampling from various members of a data-deter-
mined least favorable family, theb-bootstrap and related papers above pick a sin-
gle best-fitting member of that family and resample from it.

Other connections

The jackknife was introduced by Quenouille (1949) for correcting bias in esti-
mates. Tukey (1958) showed that it can be used to construct variance estimates.
The infinitesimal jackknife is due to Jaeckel (1972). Hesterberg (1995a) pro-
poses a “butcher knife” formed by taking divided differences in(9.6) with ε =
O(n−1/2). By varying the sample more thanO(1/n) this results in a more widely
applicable jackknife. See also Shao & Tu (1995) for a discussion of jackknives
that deleted of n observations.

Saddlepoint approximations allow one to construct approximate sampling den-
sities for statistics. Monti & Ronchetti (1993) provide a formula that allows one to
translate between empirical likelihoods and saddlepoint densities for statistics de-
fined through estimating equations. Reid (1988) provides a survey of saddlepoint
methods.

The connection between empirical likelihood and random sieves is given by
Shen, Shi & Wong (1999), who also consider a random effects model like the
one in Chapter 9.10 but incorporating predictorsXij . Shen et al. (1999) describe
methods for selecting a finite set of points within eachBi(θ).

The results in Theorem 9.1 are based on independent work by Fan & Gijbels
(1999) and Kitamura et al. (2000). They combination of smoothing and empirical
likelihood studied there was proposed by LeBlanc & Crowley (1995).

Fan, Zhang & Zhang (2001) describe a sieve-based approach to problems such
as nonparametric regression, including testing whether a smooth function, or in-
deed an additive model, might be linear. They obtain more general Wilks’s type
results with−r logR approximatelyχ2

ν(n) with non-integer numbers of degrees
of freedomν(n) → ∞ asn → ∞ andr not necessarily equal to2. Their for-
mulation has a parametric conditional likelihood with a parameterθ(x) estimated
nonparametrically as a smooth function ofx. Fan & Zhang (2000) make an ex-
tension to an empirical conditional likelihood for the nonparametricθ(x).

©2001 CRC Press LLC



 

9.12 Exercises

Exercise 9.1Suppose that there is no parametric model for the marginal distri-
bution ofX but there is a parametric density or mass functionf(y|x; θ) for the
conditional distribution ofY givenX. Write a hybrid likelihood assuming that
(Xi, Yi) are observed fori = 1, . . . , n1, Xi only is observed fori = n1 +
1, . . . , n1 + n2, andYi only is observed fori = n1 + n2 + 1, . . . , n1 + n2 + n3.
Assume that missingness ofXi orYi is non-informative in the sense of coarsening
at random.

Exercise 9.2The standard95% confidence interval for the univariate sample
mean isX̄ ± 1.96s wheres2 = (n − 1)−1

∑n
i=1(Xi − X̄)2. What is the ra-

tio of the length of the leave-one-out jackknife version of the95% confidence
interval to the length of the standard 95% confidence interval?

Exercise 9.3The jackknife is known to fail for the median, and it seems to be
because only a small number ofT−i values are possible for a given sample. But
the jackknife provides a reliable confidence interval forPr(X ≤ Q), so long as
0 < Pr(X ≤ Q) < 1. Describe how to employ the jackknife to construct a
confidence set for the median. If necessary assume that the observations are IID
from a distribution having a unique median and a positive density function on an
open interval containing that median.

Exercise 9.4Derive a bias estimate based in the infinitesimal jackknife.
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