CHAPTER 9

Hybrids and connections

This chapter considers hybrid methods in which empirical likelihood is combined
with other methods. There are a number of problems where a parametric like-
lihood is known or trusted for part, but not all, of the problem. In those cases,
hybrid methods fill in the gaps with empirical likelihood. Similarly, an empiri-
cal likelihood can be combined with a Bayesian prior distribution, the bootstrap,
and various jackknives. Bootstrap calibration of empirical likelihood is discussed
elsewhere (Chapters 3.3 and 5.6.), as is a hybrid between empirical likelihood and
permutation tests (Chapter 10.3).

There are also deep connections between empirical likelihood and other non-
parametric methods of inference. This is not surprising. Loosely speaking, two
methods that are asymptotically correct to some order might be expected to agree
to at least that order. Connections to bootstraps, jackknives, and sieves are pre-
sented.

9.1 Product of parametric and empirical likelihoods

Consider a setting with two samplés, ... , X,, andYy,... ,Y,,. Suppose that
all n + m observations are independent, and that we have a trusted parametric
model in whichY; ~ ¢(y;; #), but no such model is available f&f;. For example,
Y; may be from an instrument shown by experience to be normally distributed
while the X; may be from a newer kind of equipment. Similarly, the inter-arrival
timesY; for a queue may be known to have an exponential distribution, but the
service timesX; may not belong to a known parametric family.

A natural approach is to form a likelihood that is nonparametric in the distribu-
tion F of the X; but is parametric in the distributio@ of the Y;. That is,

L(F.0) = [[F (X)) [[ 9 (¥550)

i=1

with likelihood ratio function

=D [T 4525

j= 1g(Y 9)

where as usual’ = Y | w;dx, for weightsw; > 0, >0 | w; =1, andd is the
parametric MLE ofy computed from th&’; data.

©2001 CRC PressLLC



Suppose that we are interested in a parametdefined through estimating
equations

EUWKK¢D=//M%%MM%@MW®=O

If h(X,Y,¢) only involves X, or only involvesY’, then ordinary empirical or
parametric likelihood, respectively, is available. When both distributions are in-
volved, define

R(¢) = max R(F,0)

subject to
> wi [ hXs0.0)dGo(y) =0
=1

Under mild conditions (see Chapter 9.11), an asymptgticalibration with de-
grees of freedom equal to the dimensiorha$ appropriate.

9.2 Parametric conditional likelihood

Consider independerX;, Y;) pairs, fori = 1,... ,n, with X; € RP andY; €
RY. Now suppose that we have a parametric density or mass fungtign; 9)
for the conditional distribution of” given X but no parametric likelihood for the
marginal distribution ofX'. Then the hybrid likelihood is

L(F,0) = [T FUXiDg(vi | Xi;6). CRY

More generally, withn—n > 0 further observations witlX; but notY; measured,
the likelihood is

m n

L(F,0) = [T FAxH [T o0vi | X::0). 9.2)

Exercie 9.1 consides obsewvations with Y; but notX; measured.

It is natural to suppose that there is no known relationship betWesrd F'.
If the statistic of interest only involves th& distribution, or only involves the
distribution of Y given X, then we may use a marginal empirical likelihood of
X or a parametric conditional likelihood a&f given X, respectively. But if the
statistic of interest involves both distributions, then there is something to be gained
by using (9.1) or (9.2).

Suppose, for example, that givéh= z, the respons& has theN (5y + S1x +
Bax?, 02) distribution. We might want to know the valug = —3;/(2432). This
xo represents a minimum aB(Y | X = z) if S > 0. It is @ maximum if
B2 < 0. The averageX value deviates from this optimum by an amouxnt=
E(X) + 51/(282). This A represents the amount of the correction that needs to

©2001 CRC PressLLC



be applied to the averag€ value to reach the optimum. It depends on both the
parametric and nonparametric parts of the data description.

An asymptoticy? distribution has been shown for this hybrid likelihood ratio
(see Chapter 9.11) for a problem incorporating some side information. That the-
orem has a scalar parameter of intergstefined through a smooth estimating
equationE (h(X, 6, 1)) = 0. There is no reason to suppose that the scalar setting
is special here, and so it is reasonable to believe that the hybrid likelihood can be
used to generate tests and confidence regions quite generally.

It is interesting to consider the reverse situation where the marginal likelihood
is parametric and the conditional likelihood is empirical. lfét; 6) be the para-
metric density or mass function &f. Let Gy ,(Y") be the conditional distribution
of Y givenX = z, and letG,(Y") be a candidate. Assuming no ties, the likelihood
is

L(0,Gx,, ... ,Gx,) = [ [ £(Xi;0)Gx, (V).
=1

Maximizing this likelihood is degenerate if there are no ties amongktherhe
NPMLE for # matches the parametric one, but evéty, is a point mass at the
corresponding value df;. If there are a small number of distin&; with a large
number of occurrences each, then NPMLE's for them are not degenerate. Failing
that, a model linking,. for differentx values is required. I&,(y) = G(y —
h(z)), for a known functior.(z), or more generallyz,.(y) = G(y — h(x,~)) for
a parameter vectoy, then the likelihood

L(0,G,y) = [ [ £(Xi:0)G(Yi — h(Xi,7))
i=1

is not necessarily degenerate.

9.3 Parametric models for data ranges

Another case where parametric and empirical likelihoods mix is where the data

X; are thought to follow a parametric modglz;; 6), over a subset of their range.

For example, the random variah¥& may be thought to be normally distributed

over some central valugs-M, M| but not necessarily in the tails. Or thé;

may be positive random variables known to have an exponentialffailf) o

exp(—6z) for z > x(. As in the previous sections, we might get a sample that is

partly parametric and partly nonparametric, but in this case it is not known which

likelihood applies to an observation until that observation becomes available.
Suppose thak’ ~ f(x; ) forz € Py, but not necessarily far ¢ Py. Introduce

the shorthand? (z) for 1,¢p,. The appropriate likelihood hybrid is then

TT 1 (s )]0 50 g =P

i=1
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wherew; > 0, w; = 0 whenX; € P,, taking0® = 1, and we impose the
constraint

dF (2;0) + Y wi(1— Py(x;)) = 1.

Po i=1

Again under mild conditions including smoothnesgiof the parametric distri-
bution (see Chapter 9.11), the combined likelihood has the asympfotestri-
bution that one would expect.

9.4 Empirical likelihood and Bayes

Let d be a parameter with estimating equatitn (X, 6)) = 0. Suppose that we
are willing to specify a prior density (6) for 6, but that we have no parametric
family for the distributionF’ of X. The opposite situation, where a parametric
model is given ford but we are reluctant to specify a prior, is very commonly
approached with flat non-informative prior distributions.

We will suppose thafeee m(0)df = 1. Then a natural procedure is to take the
posterior distribution of to be

m(0)R(0)
L(0|X1,...,X5) Treo m(O/RO)0 (9.3)
whereR(6) is the profile empirical likelihood ratio function fat. There is as
yet little known about how well this proposal works. Some theory and simula-
tions showing the asymptotic accuracy of posterior probability statements com-
puted fromZ(0| X7, ..., X,,), whend is a univariate mean, are described in Chap-
ter 9.11.

The process is simply to multiply the empirical likelihood by a prior distri-
bution, and then renormalize to a proper density function. This appears to avoid
putting a prior on the space of all distributiohs or even on the whole simplex
of multinomial weights. The rationale behind the process is as follows: Empirical
likelihood is approximately using a least favorable family fofThis is a para-
metric family of the same dimension ésThe prior distribution or induces a
prior distribution on this same family. Multiplying the prior on the family by the
likelihood on the family yields a posterior density on the family.

If nuisance parametersare defined jointly witl¥ throughE (m(X, 6,v)) = 0,
then we place a prior(6,v) ond andv. The posterior distribution oft andv is
then proportional ter (0, v)R (6, v), and the posterior distribution féris obtained
by integrating ouv.

9.5 Bayesian bootstrap

To describe the Bayesian bootstrap, suppose at first that the distritigtiat
taches probabilityl to the known finite sefzy, ..., z; }. This constraint will be
lifted later. Thez; may be inR? or even in more general spaces. Then there is
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a finite dimensional parametric space of candidate distributibdsfined by the
parameter vectap = (w1, ...,ws)" € Sp_1 With w; = F({z;}). The unit prob-
ability simplexS;,_ is defined in equatiofR.6), replacingn there byk.

The Bayesian bootstrap places a Dirichlet prioréornThe Dirichlet prior is
proportional tol s, , Hle w" . If the sample contains; observations equal
to z;, then the posterior distribution is also a Dirichlet, and is proportional to
Loes, , [1—, w;” "™ . The choicem; = —1 is particularly convenient. If there
are anyz; with n; = 0, then the posterior distribution is improper, having an
infinite integral. That posterior can be interpreted as placing probabitityd; =
0 for every;j with n; = 0. Then the posterior distribution is proportional to

loesc, | @™ [ 1e,=o (9.4)

jm;>0 jm;=0

The unobserved; for whichn; = 0 do not appear in the posterior distribution,
and this lifts the constraint that we have to know what they are.

The Bayesian bootstrap samples from the posterior distribution implied by (9.4).
To generate a sample from the posterior distribution, dramdependent/ (0, 1)
random variabled/;, transform them into exponential random variabl¢s=
—log(U;), and then takev;, = Yi/Z;Ll Y;. The sampled value af; is then
> ix,—., wi. For a statistic'(F), the resampled value (", widx,). The
Bayesia]n bootstrap sample consist&dhdependently sampled valuesbf The
posterior probability of a set' is estimated by the fraction of the resampled”
values that happen to be @\, and a posterior moment is simply the average over
B sampled values of the corresponding powe¥ of

The empirical likelihood is proportional tp[f:l w;”. Apart from the way un-
observedz; are handled, the empirical likelihood is obtained as a posterior dis-
tribution for the non-informative Dirichlet prior having,; = 0. This is a non-
parametric analogue of the familiar fact that the posterior is proportional to the
likelihood, when a non-informative prior is used.

9.6 Least favorable families and nonparametric tilting

Empirical likelihood works with am-dimensional family of distributions sup-
ported on the sample points. For data € R?, we maximize the empirical
likelihood subject to a constraint likg", w; X; = p. As p varies through al-
dimensional space, @&dimensional subfamily of the multinomial distributions
arise as constrained maxima. This family may be indexed. byr by the La-
grange multiplierh.

For a statisti®) = T'(F') € RP, there is usually a reduction topadimensional
family of multinomial distributions. Similap-dimensional subfamilies may also
be defined through other discrepancies such as empirical entropy or the Euclidean
likelihood.

The nonparametric tilting bootstrap draws samples from members of one of
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these lower dimensional subfamilies of multinomial distributions. For a scalar
parametep such as the univariate mean, there is a univariate family of distribu-
tions. Denote the generic member of this family Byand letw; (6) = Fo{X;}.
Bootstrap samples can be drawn from these multinomial distributions by taking
X" = X, Where fori = 1,...,n andb = 1,...,b the indices/ (i, b) are
independent witlPr(.J (i, b) = k) = wy (). Thend*’ is the value of) on the data
X3t ..., X The values

0, = min{f | Pr(6* >0 ; Fy) > a/2},
0y = max{0 | Pr(0* < 0 ; Fy) > a2},

are the lower and upper limits, respectively, of the nonparametric tilting approxi-
matel100(1 — «)% confidence interval.

It can be very laborious to sample from many members of a parametric family,
searching for the desired endpoints. Importance sampling can be used to reweight
data from one distributiotiry to obtain unbiased expectations under another dis-
tribution Fy,. The nonparametric tilting bootstrap samples fréipwith every
w; = 1/n, and so the importance sampling weigh{1s_, nw ;(; ;) (6) in boot-
strap samplé. A further advantage of importance sampling is that the simulations
for different values of) are coupled, which makes it more likely that the search
for endpoints can be done by looking for the point at which a monotone function
is zero. Using the Kullback-Liebler family gives an especially convenient expo-
nential tilting form for the importance sampling weight factors.

A least favorable parametric family is sometimes described as one in which the
estimation problem is hardest, sometimes as one in which the estimation problem
is as hard as in a parametric problem. Usually difficulty is measured through a
discrepancy measure. So if a statistic is defined thrdligh) andé, is the true
value ofT', then family might consist of distribution& for which T'(Fy) = 6,
and subject to this, a distance measigy,, Fp) is minimized.

Empirical likelihood, nonparametric tilting, and some other methods described
in Chapter 9.11 all employ least favorable families. These methods use random,
sample based families. The value of a least favorable family is that it has not made
the statistical problem artificially easy.

It is possible to construct some parametric families in which inference is out-
landishly hard, although still not least favorable. TN&0, 1) distribution is a
member of the family

f(z;0) = (1 —€)N(0,1) + eN(0/e,1). (9.5)

Here f(z;60) has meard. Fore = 10719 and any reasonable sample size, it
would be very hard to estimate Using multinomial families on the data rules
out unreasonably hard cases like (9.5).

©2001 CRC PressLLC



9.7 Bootstrap likelihood

Suppose that we compute an estinate= T(F ) of 8 = T(F}), using an IID
sampleXy,..., X, € R?. In a parametric family indexed b, the probability
density functionf(7'; ) could be interpreted as a partial likelihood #rThe
qualifier “partial” reflects thaf does not give the joint density of;, . .., X;, but
just that of the functiof” computed from them. In Chapter 13.3 a similar density
is called a pseudo-likelihood.

The bootstrap likelihood uses two levels of resampling, some density estima-
tion, and some regression smoothing to estinfdtg; ) from the data. We will
suppose thaf'(F) € R. Forr = 1,..., R, let X;",..., X" be a bootstrap
sample of the data, with correspondiﬁg/aluef*r. Then forr = 1,..., R and
s=1,...,58 letX;" ..., X" be a bootstrap sample fro;", ..., X" with
correspondlngr value 7+, A preliminary bootstrap likelihood af*" is then
estimated by a kernel density estimate

S A~ o~

PR 1 T*rs _ T
LT = f(TT7) = — S K[ ———
UEn) = T = g S ()

whereK is a kernel function (Chapter 5) ard is a bandwidth.

Itis possible to havel(T*") # L(T*"") even wheril*" = T*"", For this rea-
son, and to interpolate, the bootstrap likelihood is defined through further smooth-
ing, such as

> 1K1( )L(T*W

for the kernelK; and bandwidthh, or through some other scatterplot smoother.

The bootstrap likelihood has been shown to match the empirical likelihood, but
only to first order. Much of the research on bootstrap likelihood aims at reducing
the computational burden. See Chapter 9.11.

Lg(0) = f(T;0) =

)

9.8 Bootstrapping from an NPMLE

The usual form of the bootstrap resamples from the empirical distributjon
In 1ID sampling the empirical distribution is the NPMLE. In settings with side
information, F,, is not the NPMLE, and an attractive alternative is to use empirical
likelihood to construct the NPMLE’, and then resample frofi. When the side
information is specified b (m(X, 0, v)) = 0 then the NPMLE of Chapter 3.10
is I = Zn 1 widx,, wherew; > 0, Zn LW = lzn Lwm(X;,0,v) =0,
and[]"_, nw; is maximized subject to these constraints. Similarly, when the data
were obtained by biased sampling, then bootstrapping from the NPMLE becomes
attractive. 4

Resampling fromf” is straightforward. LeC; = 22:1 w;, with the under-
standing thatC;, = 0. To generate a bootstrap sample draw independent
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U(0,1) random variable¢/?, for 1 < i < n andl < b < B. Turn these into
resampled observations whek¢ = X; wheneverC;_; < U} < C;. This pro-
ducesB bootstrap data setsx?,... , Xb),forb=1,... ,B.

The Euclidean likelihood can also be used to define an NPMLE from which to
resample. But sampling from the Euclidean likelihood NPMLE is hard to define
in cases where some; < 0.

9.9 Jackknives

The jackknife is a leave-one-out method of forming confidence regions for a sta-
tistical quantityd. Suppose that the true valuefs = T'(Fp) € RP and the
sample value i'(F). For a candidate distributiof = 3", w;dx, where

w; > 0and> " w; = 1, defineT(wy,...,w,) = 6(F). The NPMLE is
§=T(1/n,...,1/n). DefineT_; = 6((1 + 1/n)F — (1/n)dx,), the value of

on a hypothetical sample of the— 1 observations other thaki;. Now let

T ,= %izn;T_i, and

n

S=Y (T —T )T —T-.).

=1

The value(n — 1)(T_, — T'(F')) is often used as an estimate of the biag'{#"),
and the corresponding bias-corrected estimatg(dt) is nT'(F) — (n — 1)T_,.
Also S or (n — 1)S/n can often be used to estimate the variancé'@F) or of
T_,. Forp = 1, a simple 95% confidence interval fég may then be calculated
asT(F) +1.96V/5.

The infinitesimal jackknife is based on the linear approximation
n
T(wy,...,w,) =0+ szﬂ(ﬁ)7
=1
where

T;i(F) = lim T((1—e)F +ebx,) = T(F)

e—0 3

(9.6)

In the infinitesimal jackknife, a variance estimate flor 6, can be constructed

as
1 « S
=5 Y TOT(FY.
i=1

The coefficient» =2 can be replaced by/(n(n — 1)) in order to get an unbiased
variance estimate for the variance of linear statistics of the B, . .. , w,,) =
> wiQ(X;). One of the algorithms for maximizing empirical likelihood (see

©2001 CRC PressLLC



Figure 9.1 The upper left plot shows the reweighings of the data used by the bootstrap,
for n = 3. The upper right and lower left show the jackknife and infinitesimal jackknife

reweightings, respectively. The lower right plot depicts a region used by empirical likeli-
hood.

Chapter 12.6) is an empirical likelihood test of whether Tl’;(aﬁ) have mean
6o — 6. They have sampe mean 0.

Figure 9.1 compars the points in the simplex usel in nonparametd infer-
ences, fom = 3. When the infinitesimal jackknife fails it is often because it only
uses reweightings that are a negligible distance from the céhter...,1/n).

It works with a linear approximation t@', and this may be inadequate’if is
nonlinear enough. The jackknife has similar difficulties because the points it uses
are onlyO(1/n) away from the center. Even when they do not fail, approxima-
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tions based on expansions around the MLE can work badly in some settings. Lin-
earization inference in nonlinear least squares, Greenwood’s formula in survival
analysis, and Wald tests are often found to be inferior to methods that are not so
strongly localized around the MLE.

The bootstrap and empirical likelihood achieve greater generality than the jack-
knives in part because they consider reweightings at a distance (or average dis-
tance) ofO(n~'/2) from the center. The difference is illustrated by the median,
for which the jackknife and infinitesimal jackknife do not provide consistent vari-
ance estimates.

9.10 Sieves

In some nonparametric problems, there is an infinite dimensional family of esti-
mators and an MLE does not exist. For example, consider the problem of estimat-
ing the densityf from an 11D sample of random variablé§ € [0, 1]. The density

f is a nonnegative function integrating toover [0, 1]. The natural likelihood to
useisL(f) =[], f(X;), but L(f) is unbounded over the family of densities,
thus there is no NPMLE.

A sieve approach to this problem is to consider a regularized set of densities,
such as densities that are piecewise constarj0,arj with the allowed disconti-
nuities at knotg; = j/mfor j = 1,...,m — 1. Given a value ofn > 1, the
NPMLE is a histogram estimator. The NPMLE might not be unique if sdfe
equals some;, but a unique choice can be forced by takifigo be continuous
from the left. The sieve approach to the histogram estimatomlets> oo at a
suitable rate, as — oo. Sieves are more general than the histogram estimator,
and the controlling parameter is not always integer valued. For example, a sieve
could be constructed by taking all continuous densities }Mltlf(:v)zd:r < m.

Empirical likelihood can be thought of as a sieve method. The family of candi-
date distributions is usually all those that reweight the sample. It may also include
distributions that put some weight on a humber of non-observed values. Two fea-
tures of empirical likelihood distinguish it from sieve methods. First, the family
of candidate distributions is random, as it depends on the sample. Second, the
emphasis is shifted from maximum likelihood to likelihood ratios.

While sieves originated to handle an infinite dimensional parameter set, they
may also be applied in problems with an infinite number of estimating equation
constraints. Some examples of such problems appear in Chapter 10.

The sieved empirical likelihood (SEL) has been developed for some condi-
tional moment restriction problems. Suppose tkieaind Z are jointly distributed
random variables and that the estimating equation

E(m(Z,0) | X =2) =0 (9.7)

holds for allz. Then, of courseE(m(Z,6)) = 0 holds unconditionally, too, but
(9.7) is a more stringent condition. For instance, in a regression model we might
haveZ = (X', Y’),andm(Z,0) =Y — g(X,6). Letu(X) be a vector of func-
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tions of X. ThenE(u(X)(Y — ¢g(X,0))) = 0 and if u has enough component
functions in it, we get an overdetermined set of unconditional estimating equa-
tions foré.

A lower bound is known for the variance of an asymptotically unbiased esti-
matoré from n 11D observations:

nVar(9) > V = (E(D(X)'2(X) "' D(x)))

whereD(z) = E(Om(Z,0)/00 | X = z)andQ(x) = E(m(Z,0)m(Z,0) |
X = z). Moreover, the solution to estimating equatidfigu(X)m(Z,0)) = 0
attains this asymptotic variance bound for the (usually unknown) vegtor) =
D(z)'Q(z)~!. The functionsu(X) are called instrumental variables ang are
the optimal instruments.

A sieved empirical likelihood approach impogésr)at then sample values;,
using some smoothing. Lét;; = K ((x; — z;)/h), for a kernel functionk” and
bandwidthh, and letk;, = Z;L:1 K;;. Define the conditional empirical log like-
lihood functionL;(F) = >-7_, Kijlog(wi;) for F({Z;} | X;) = w;; > 0and
>i— wi; = 1. Maximizing L; subject to}__, wi;m(Z;,60) = 0 is the same
weighted empirical likelihood problem we solved in Chapter 8.7 for finite pop-
ulation sampling designs, with;, playing the role ofD there. Let the solution
be F; with weightsw;;(6), and now defing(9) = >, log w;;(#), and letd
maximizel(6).

Theorem 9.1 Let (X;, Z;) be IID. Under some mild conditions that uniquely
identify the true valué,, conditions that impose smoothnessrapand condi-
tions onK andh, /n(6 — 6y) — N(0,V;). Further, if§ maximize€(0) subject
to s conditionsC'(0) = 0 wheredC'/00 has ranks, then—2(£(6) — £(6)) — x?,,
asn — oo.

Proof. Fan & Gijbels (1999) and Kitamura, Tripathi & Ahn (2000)[]

More general random sieves have been proposed, particularly for certain re-
gression problems. In linear regression models relating a predictorX; and
a parameteps, there is a residual; = Y; — X/3. In certain models, however,
there is no unique; that can be computed from a givéf;, Y; andj. A simple
example without anyX;, is the following mixed effects model

Y;;jzaj+04i+€ij, izl,...7n, j:].,,k

for scalar paramete#s and independent errots, ¢;;, with mean0, Var(«;) =
0%, andVar(e;;) = o3. Givenf = (61,...,0;) andY; = (Yi1,...,Yi) we
cannot compute; = (o, €1, - . . , €;) though we do know that; +¢;; = Y;; —
0.
For a random sieve model, we can identify aBgi)) known to contaire;. For
the random effect example

Bi,(e):{(ahﬁil,w-,ﬂk) ‘ Q; + €5 ZYij—Hj,jZL...,k’}.
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If B;(0) is not afinite set of points, the random sieve method selects a set of points
E;; € B;(9),j = 1,...,n,. For largern, the numbers; increase to give better
coverage ofB;. Consider a family of distributions, with the generic memiber
putting probabilityp;; > 0 on the observatio(X;,Y;, E;;) fori = 1,...,n and
j=1,...,n;withp; = 3777, p;; and> i, p; = 1. The sieved likelihood is the
maximum of[[}"_, p; over members of the family satisfying a set of constraints.
For random effects the constraints might expressat;) = 0, Var(o;) = o3,

and that forj = 1,...,k, E(e;j) = E(ei; — 03) = E(aye;5) = 0. Methods for
choosing the’;; are in articles cited in Chapter 9.11.

9.11 Bibliographic notes
Parametric-empirical hybrids

Qin (1994) presents the semi-empirical likelihood, in which an empirical likeli-
hood is used for one sample and a parametric one is used for the other. He consid-
ers the example wher®¥; andY; are scalars and interest centers(X ) — E(Y).

Qin (2000) considers multiplying a parametric conditional likelihood by an em-
pirical marginal one, and presents a theorem from Qin (1992) establishifig a

limit for a statistic defined through a smooth estimating function. Qin (2000)
simulates some examples that Imbens & Lancaster (1994) treated by generalized
method of moments, and remarks that the likelihood formulation makes it easier
to incorporate observations whekg but notY; was measured. Those examples
consider samples augmented by side information from the census.

Qin & Wong (1996) present another semi-empirical likelihood in which the
data are parametric or not, depending on their values. They consider the case
where the parametric model holdsxif< T, and establish &2 calibration for
a univariated that enters the likelihood smoothly. Moeschberger & Klein (1985)
consider a parametric model for a tail subject to censoring combined with a non-
parametric model to the left of that tail.

Lazar (2000) studies the product of a prior density on the univariate mean and
an empirical likelihood for that mean. She shows that the posterior distribution is
asymptotically normal, as one would expect from an asymptotically quadratic log
likelihood. As a result, we can expect in general that the computed posterior prob-
abilities of intervals are asymptotically justified. The arguments parallel those of
Monahan & Boos (1992) for parametric likelihoods. In simulations, accuracy can
be measured by finding the distribution under sampling of the posterior probabil-
ity attached to the sét-oo, 1] wherep is the true mean. This posterior probability
should have nearly a uniform distribution. Figure 1 of Lazar (2000) shows an ex-
ample in which the accuracy is good for= 50 but perhaps not fon = 10.
Figure 2 shows an example where the accuracy appears goofd witk0.
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Bootstrap connections

The Bayesian bootstrap was proposed by Rubin (1981). Newton & Raftery (1994)
illustrate its use on a number of frequentist inference problems. The bootstrap
likelihood was proposed by Davison, Hinkley & Worton (1992). Some computa-
tional improvements are given in Davison, Hinkley & Worton (1995) and Pawitan
(2000).

Efron (1981) introduces the nonparametric/exponential tilting bootstrap. Fur-
ther results for it appear in DiCiccio & Romano (1990), as described below under
least favorable families. Efron emphasizes the Kullback-Liebler family but also
presents a version using a nonparametric likelihood discrepancy, giving rise to
the same family of distributions in the simplex that empirical likelihood uses.

Zhang (1999) resamples from an NPMLE constructed to incorporate side in-
formation in the form of estimating equations. He produces confidence bands and
tests for the distribution function of a scalar random variable, and confidence in-
tervals for the mean and variance of a scalar. Zhang (1997) constructs confidence
bands for the quantile function by bootstrapping from an NPMLE. Hall & Pres-
nell (199%) term this the b-bootstrap, and they show its wide applicability and
describe the asymptotic behavior.

Ren (2001) defines the leveraged bootstrap. The leveraged bootstrap takes 11D
samples of sizen from an NPMLE. The bootstrap samples are 11D, even though
the original data was subject to interval censoring. Careful calibration makes up
for the discrepancy.

Chuang & Lai (2000) describe a hybrid method in which they construct a para-
metric family on the simplex of observation weights and use the bootstrap in that
family. They find good results this way for some hard inferential problems such as
the analysis of group sequential trials, explosive time series, and Galton-Watson
processes.

Least favorable families

The notion of a least favorable family is due to Stein (1956). He used it to re-
duce nonparametric problems to parametric ones that were at least as hard. Efron
(1981) shows a least favorable family property of the one-dimensional multino-
mial sub-family. Wher¥ is the mean, the Fisher information in the sub-family is
the inverse of the sample variance, holding#gr and even for other membeFs.

DiCiccio & Romano (1990) show that one can construgtdimensional sub-
family of multinomial distributions using any of various discrepancy measures.
Once one has such a family, one can bootstrap within it, use the likelihood func-
tion in it, or use another distance function in it. They show that one-sided cov-
erage errors ar@(1/n) for the nonparametric tilting bootstrap. They also show
that the reduced family is least favorable for more general statistics than the mean.
Hesterberg (1999) investigates exponential tilting bootstrap confidence intervals
for nonlinear statistics, using importance sampling. He compares likelihood- and
entropy-based intervals.
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Empirical likelihood corresponds to using the likelihood ratio function in the
least favorable family defined by the likelihood discrepancy. Lee & Young (1999)
recommend defining a-dimensional parametric family through the exponential
discrepancy, and following up with a likelihood ratio test in that family. Corcoran
et al. (1995) recommend using the exponential discrepancy (empirical entropy) to
form ap-dimensional family, and then using the Wald test (a sandwich estimator)
within that family. They report some simulations in whiclyacalibration is quite
accurate for this combination. Davison & Hinkley (1997, Chapter 10) recommend
a Rao test within a family formed by exponential discrepancies.

Where Efron (1981) considers sampling from various members of a data-deter-
mined least favorable family, thHebootstrap and related papers above pick a sin-
gle best-fitting member of that family and resample from it.

Other connections

The jackknife was introduced by Quenouille (1949) for correcting bias in esti-
mates. Tukey (1958) showed that it can be used to construct variance estimates.
The infinitesimal jackknife is due to Jaeckel (1972). Hesterberg @9pE0-
poses a “butcher knife” formed by taking divided difference$9r6) with ¢ =
O(n~1/?). By varying the sample more thad(1/n) this results in a more widely
applicable jackknife. See also Shao & Tu (1995) for a discussion of jackknives
that deletel of n observations.

Saddlepoint approximations allow one to construct approximate sampling den-
sities for statistics. Monti & Ronchetti (1993) provide a formula that allows one to
translate between empirical likelihoods and saddlepoint densities for statistics de-
fined through estimating equations. Reid (1988) provides a survey of saddlepoint
methods.

The connection between empirical likelihood and random sieves is given by
Shen, Shi & Wong (1999), who also consider a random effects model like the
one in Chapter 9.10 but incorporating predictarg. Shen et al. (1999) describe
methods for selecting a finite set of points within edl0).

The resuls in Theoren 9.1 are basel on independenwork by Fan & Gijbels
(1999) and Kitamura et al. (2000). They combination of smoothing and empirical
likelihood studied there was proposed by LeBlanc & Crowley (1995).

Fan, Zhang & Zhang (2001) describe a sieve-based approach to problems such
as nonparametric regression, including testing whether a smooth function, or in-
deed an additive model, might be linear. They obtain more general Wilks’s type
results with—rlog R approximatelyxz(n) with non-integer numbers of degrees
of freedomv(n) — oo asn — oo andr not necessarily equal & Their for-
mulation has a parametric conditional likelihood with a param#tey estimated
nonparametrically as a smooth functionaofFan & Zhang (2000) make an ex-
tension to an empirical conditional likelihood for the nonparaméffic.
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9.12 Exercises

Exercise 9.1 Suppose that there is no parametric model for the marginal distri-
bution of X but there is a parametric density or mass functidg|x; ) for the
conditional distribution ofY” given X. Write a hybrid likelihood assuming that
(X;,Y;) are observed foi = 1,...,ny, X; only is observed fo = ny; +
1,...,n1 + ng, andY; only is observed fof = ny +no + 1,...,n1 + no + ns.
Assume that missingness &f or Y; is non-informative in the sense of coarsening
at random.

Exercise 9.2 The standard5% confidence interval for the univariate sample
mean isX + 1.96s wheres? = (n — 1)"' Y | (X; — X)?. What is the ra-
tio of the length of the leave-one-out jackknife version of #3%66 confidence
interval to the length of the standard 95% confidence interval?

Exercise 9.3 The jackknife is known to fail for the median, and it seems to be
because only a small number’Bf ; values are possible for a given sample. But
the jackknife provides a reliable confidence intervalfef X < @), so long as

0 < Pr(X < @) < 1. Describe how to employ the jackknife to construct a
confidence set for the median. If necessary assume that the observations are IID
from a distribution having a unique median and a positive density function on an
open interval containing that median.

Exercise 9.4 Derive a bias estimate based in the infinitesimal jackknife.
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