
 

CHAPTER 8

Dependent data

Empirical likelihood was motivated by independent identically distributed data.
AsTheorem 4.1 shows, the requirement for identically distributed datacan bere-
laxed. When the observations are dependent, then this usually has to be accounted
for in constructing confidence regions and tests. The ways of handling dependent
data with empirical likelihood parallel the methods from parametric likelihood
and the bootstrap. Failure to account for dependence among the data can destroy
the coverage properties of confidence regions.

In order to construct nonparametric confidence regions for dependent data, we
must assume something about the nature of the dependence. For some time series
problems, we assume that the dependent data are driven by an unobserved set of
independent random variables. For some other time series, we assume that there
is possibly very strong dependence between relatively few pairs of observations.
By contrast, some finite population sampling settings have very weak dependence
between many or even all pairs of observations.

8.1 Time series

Chapter 8.10 gives some background references on time series. Here we pro-
vide some definitions. A time series is a sequence of observationsYi ∈ R

d,
i = 1, . . . , T , whereYi+1 is observed one time unit afterYi. The time unit could
be a fixed amount of real time, such as a day or year, or it could simply indicate
the order in which values were observed.

Models with independentYi are seldom appropriate for time series data. There
is generally some dependence among series values to account for. Time series are
usually modeled as realizations of stochastic processes in which(Y1, . . . , YT ) is
drawn from a joint distribution onRdT .

For some joint distributions ofY1, . . . , YT , there is clearly no way to learn about
the underlying stochastic process. As an extreme example, suppose thatYi =
Z + ei for all i ≥ 1, whereei are independent of each other and of the random
variableZ. Such data are less informative about the mean ofYi than is one single
data value from the distribution ofZ. Another hard case hasYi = µi + ei where
µi is an arbitrary unknown sequence of values inR

d, andei are independent with
mean zero. Some assumptions are needed in order that the amount of information
in theYi about the underlying process should increase withT .

A widely used assumption is thatYi for i = 1, . . . , T areT consecutive obser-
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vations from an infinite series. . . , Y−1, Y0, Y1, . . . having a stationary distribu-
tion. This means that the joint distribution of any finite set of observations is un-
affected by a time shift ofk units. Thus(Yr, Ys, . . . , Yt) has the same distribution
as (Yr+k, Ys+k, . . . , Yt+k), for anyk and anyr, s, . . . , t. A weaker assumption
has some low order stationary moments. For example, in a real-valued time series
there may be some set ofa, b, . . . , c values for whichE(Y a

r × Y b
s × · · · × Y c

t ) is
unaffected by a time shift ofk units.

A stationarity assumption addresses the problem in the second hard case. A
stationary series would have to have a common valueµi = µ. The first hard case,
Yi = Z + ei, is stationary if theei are IID, so another condition is needed to rule
this case out.

Under a mixing condition, the dependence between observations before and
including timet and observations fromt+ k onward becomes negligible ask →
∞. For a rigorous description of mixing, see the references in Chapter 8.10. Let
A be a random variable that takes the value0 or 1 depending on what the series
does at times up to timet. Let B be a0 or 1 random variable depending on
what the series does from timet + k on. It is natural to writePr(A) for E(A),
identifyingA with the event thatA = 1. If the future is independent of the past
thenPr(A ∩B) = Pr(A) Pr(B). Now measure the dependence through

α(k) = sup
t

sup
A,B

|Pr(A ∩B)− Pr(A) Pr(B)|. (8.1)

TheYi areα-mixing if α(k) → 0 ask → ∞. If Yi is stationary, then it is not
necessary to maximize overt in (8.1).

A mixing condition rules out the first hard case. The seriesZ + ei is notα-
mixing outside of trivial cases. Theorems that use mixing usually also stipulate
thatα(k) goes to zero sufficiently fast ask → ∞.

The discussion above emphasizes the time domain approach to time series.
In the frequency domain approach, we study how much of the variance in the
series comes from oscillations at different frequencies. Suppose thatYt ∈ R is a
stationary time series, with meanE(Yt) = µ and autocovariancesγk = E((Yt −
µ)(Yt+k − µ)). The spectral density function ofYt is defined as

f(ω) =
1
π

[
γ0 + 2

∞∑
k=1

γk cos(ωk)
]
, 0 ≤ ω ≤ π,

when this exists. The variance ofYt is γ0 =
∫ π

0
f(ω)dω and the interpretation

of f(ω) is that frequencies in the interval[ω1, ω2] contribute
∫ ω2

ω1
f(ω)dω of this

variance.
The periodogram is a sample version of the spectral density function

I(ωj) =
1
π

[
γ̂0 + 2

∞∑
k=1

γ̂k cos(ωk)
]
,

using estimateŝγk = T−1
∑T−k

i=1 (Yi − Y )(Yi+k − Y ). Under mild conditions,
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E(I(ω)) → f(ω) asT → ∞, but becauseVar(I(ωj)) does not converge to0
asT → ∞, the periodogram is usually smoothed somehow, when an estimate of
f(ω) is required.

8.2 Reducing to independence

Parametric likelihood methods often tackle dependent data by expressing the ob-
servations as functions of some other variables assumed to be statistically inde-
pendent. One approach to empirical likelihood is to use the estimating equations
from those models.
The autoregressive model is widely used in parametric modeling of time series

data. As the name describes, the data series is generated by a regression on its
own past. Suppose for example thatei ∼ N(0, σ2) are independent, that

Yi = β0 + β1Yi−1 + ei, i = 1, . . . , T, (8.2)

and that the series started off with an unobserved normally distributedY0 inde-
pendent of theei. If |β1| < 1, the distribution ofYi tends to an equilibrium
distributionN(µ, σ2

y) asi→ ∞, whereµ = β0/(1−β1) andσ2
y = σ2/(1−β2

1).
If Y0 ∼ N(µ, σ2

y), then theYi all have the same distribution.
We will suppose that|β1| < 1 and then reparameterize equation (8.2) as

Yi − µ = β1(Yi−1 − µ) + ei, i = 1, . . . , T. (8.3)

The parametric likelihood for the autoregressive model (8.3) is

L =
T∏
i=1

f(Yi | Y1, . . . , Yi−1;µ, β1, σ)

=
e
− 1

2σ2
y

(Y1−µ)2

√
2πσy

T∏
i=2

e−
1

2σ2 ((Yi−µ)−β1(Yi−1−µ))2

√
2πσ

. (8.4)

The special treatment ofY1 in (8.4) is awkward. The conditional (onY1) like-
lihood

Lc =
T∏
i=2

f(Yi | Y1, . . . , Yi−1;µ, β1, σ)

=
T∏
i=2

1√
2πσ

exp
(
− 1
2σ2

(
(Yi − µ)− β1(Yi−1 − µ)

)2
)

(8.5)

treats the data more symmetrically. UsingLc instead ofL sacrifices some of the
information available fromY1. This information loss is small, especially when
|β1| is close to1. Furthermore, there is the possibility that the series has not yet
reached the equilibrium distribution. ThenL is not the likelihood butLc is still
the conditional likelihood givenY1.
We can use the conditional likelihood to generate estimating equations. For
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i ≥ 2, let ei = ei(µ, β1) = Yi − µ− β1(Yi−1 − µ), θ = (µ, β1, σ)′ and

Zi = Zi(θ) = (ei, (Yi − µ)ei, e2i − σ2)′.

Then the estimating equations are
∑T

i=2 Zi = 0.
The empirical likelihood approach is then based on

R(θ) = sup

{
n∏

i=1

wi | wi > 0,
n∑

i=1

wi = 1,
n∑

i=1

wiZ1+i = 0

}
,

wheren = T − 1. If the ei are independentN(0, σ2) then the limiting distribu-
tion of−2 logR with r parameters constrained isχ2

(r). The empirical likelihood
inferences go through under some weaker conditions, using results for the dual
likelihood described below. Theei do not have to be normal, nor identically dis-
tributed. They do have to be nearly independent, so that(1/n)

∑
i ZiZ

′
i estimates

the variance matrix of(1/
√
n)

∑
i Zi.

It is convenient that inferences may be based on the limiting distribution of
logR(θ), though it is is troubling that in time series modelsR is no longer a like-
lihood ratio. Ifθ0 is the true value of the parameter thenZi(θ0) are independent,
but for θ 	= θ0 Zi(θ) are not independent, and so it is hard to consider

∏
i wi to

be the probability of the observations. The dual likelihood is one way to explain
whyR has likelihood asymptotics. Write

Dθ(λ) =
n∏

i=1

(1 + λ′Zi(θ))−1.

For the correct value ofθ, theZi are independent and the test forθ = θ0 usingR
is the same as the test forλ = 0 usingDθ.
The autoregressive model(8.3) is known as the AR(1) model because it uses a

regression on one past data point. In an AR(k) model we write

Yi − µ =
k∑

j=1

βj(Yi−j − µ) + ei. (8.6)

The estimating equations for the AR(k) are a natural extension of those for AR(1).
If an AR(k) series has uncorrelatedei with mean0 and constant variance, then it
will approach an equilibrium distribution, under conditions onβj . Letu1, . . . , uk
be the solutions to

1−
k∑

j=1

βju
j = 0. (8.7)

Theui are complex numbers, not necessarily all distinct. The AR(k) series ap-
proaches an equilibrium if and only if alluj lie outside the unit circle in the
complex plane.
We can form estimating equations for very general regressions, linear or nonlin-

ear, relatingYi to past valuesYi−j as well as past and present values of covariates
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St. Lawrence River flow

Figure 8.1Flow of the St. Lawrence river in cubic meters per second, at Ogdensburg, New
York. The data are annual values from 1860 to 1957. Source: Yevjevich (1963).

Xi, An asymptoticχ2 distribution for empirical likelihood inferences holds very
generally for non-explosive series using dual likelihood.
For a model including predictors at lags of up tok time steps, we obtainn =

T − k estimating function values to reweight. In software implementations, it can
be a nuisance to have the number of estimating function values differ from the
number of data values, or differ from model to model. A simple remedy is to
defineZi = 0 for 1 ≤ i ≤ k. It is easy to show that maximizing

∏T
i=1 log(nwi)

subject to
∑T

i=1 wiZi = 0 and
∑T

i=1 wi = 1 places weight1/T on anyZi that
equals zero, and that the empirical likelihood ratio based onZk+1, . . . , ZT does
not change whenZ1 = · · · = Zk = 0 are adjoined to the sample.
Figure 8.1 shows annual flow of water in theSt. Lawrence river. These values

are clearly not independent. The correlation between one year’s flow and the next
is about0.71.
We consider an AR(3) model for this data set. LetY1, . . . , Y97 be the raw val-

ues, andXi = Yi − µ be centered values. We use estimating equations

Zi =

{
(Xi, 0, 0, 0, 0)′, 1 ≤ i ≤ 3
(Xi, eiXi−1, eiXi−2, eiXi−3, e

2
i − exp(2τ))′, 4 ≤ i ≤ 97

(8.8)

whereei = Xi−
∑3

j=1 βjXi−j . These describe an autoregression ofYi on its past
3 lags, with an error standard deviation ofexp(τ). Instead of takingZ1 through
Z4 equal to0, the first component was modified slightly. It is customary in autore-
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j β̂j −2 logRj(0)

1 0.627 30.16
2 −0.093 0.48
3 0.214 4.05

Table 8.1An AR(3) model was fit to the St. Lawrence River flow data. Shown are the
coefficient estimateŝβj , and the empirical likelihood values for testing thatβj = 0.

gressive modeling to estimateµ by Y = (1/T )
∑T

i=1 Yi. Neither the conditional
nor the unconditional likelihood leads tôµ = Y , but equations(8.8)do.
The mean flow is estimated to bêµ = 6818.6 cubic meters per second. The

standard deviation ofei is estimated to beexp(τ̂) = exp(6.006) = 405.9 cubic
meters per second. This describes the uncertainty in a linear prediction of one
year’s river flow, based on the previous three years’ data. Table 8.1 presents the
estimated autoregressive coefficients as well as the empirical likelihood test statis-
tics for each coefficient to be zero. The lag 1 coefficientβ1 is clearly nonzero,β2

could reasonably be zero. Aχ2
(1) test rejectsβ3 = 0 at just below the5% level as

does anF test.
It is interesting to consider whetherβ2 = β3 = 0 is tenable. Imposing both con-

straints can only reduce the empirical likelihood compared to the test ofβ3 = 0
alone. This lower likelihood must, however, be compared to a distribution appro-
priate to a two-dimensional hypothesis. As is well known, omnibus tests that can
detect multiple kinds of departure from a hypothesis often do so with reduced
power compared to more specific tests. In this instance, a test of the hypothesis
β2 = β3 = 0 hasp-value somewhat above5%, while a test ofβ3 = 0 has a
p-value below5%.
Not being able to rejectβ2 = β3 = 0 is not the same as proving that they are

zero. We retain these coefficients in the model, judging that there is more to lose
in dropping them should they matter than in retaining them if they do not. People
can reasonably differ in these judgments. The model then gives a95% confidence
interval forτ of (5.871, 6.134) using aχ2

(1) calibration. Exponentiating, we get a
confidence interval of(354.6, 461.3) for σ.

8.3 Blockwise empirical likelihood

We do not always know a model in which the data are generated from a series of
independent observations. A weaker assumption is that the data have a stationary
distribution, or stationarymoments, as described in Chapter 8.1. Stationarity alone
cannot support a good asymptotic theory. An additional condition, such as one on
theα-mixing coefficients described in Chapter 8.1, is required.
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Figure 8.2Both figures show empirical likelihood contours for two of the autoregressive
parameters for the St. Lawrence river flows. The figure on the left uses two degrees of
freedom, appropriate for two parameters. The contour levels correspond to 50, 90, 95, and
99 percent confidence. The solid circle shows that the origin has a statistical significance
level between 5 and 10 percent. Here the hypothesisβ2 = β3 = 0 is not rejected at the 5%
level, but the hypothesisβ3 = 0 is rejected. The figure on the right illustrates how this can
happen, by redrawing the contours using theχ2

(1) calibration. The hypothesisβ3 = 0 was
rejected because a horizontal line segment throughβ3 = 0 lies outside the 95% confidence
contour based on 1 degree of freedom.

A bootstrap method for handling stationary mixing time series is to resample
the data in blocks of lengthM > 1. By concatenating randomly sampled blocks
of consecutive data points, the resampled series can capture some of the structure
from the original series. Fork small compared toM , resampled observationsk
apart are likely to be genuine observation pairs separated byk units in the orig-
inal data. Whenk is large compared toM then resampled observation pairsk
units apart are essentially independent in the resampled series, matching the weak
dependence in the original series.
Suppose now thatθ is a parameter of the joint distribution ofr ≥ 1 consecutive

observationsYt−r+1, . . . , Yt, defined by

E(m(Xt, θ)) = 0

whereXt = (Y ′
t−r+1, . . . , Y

′
t )

′ bundlesr consecutive observations from the orig-
inal series. Thus ifYt ∈ R

d, thenXt ∈ R
dr.

The blocking idea can also be used in empirical likelihood. Starting with the
seriesXt, form blocks of lengthM with starting points separated byL time units.
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That is,
Bi =

(
X(i−1)L+1, . . . , X(i−1)L+M

)
, i = 1, . . . , n

where

n =
⌊
T −M

L
+ 1

⌋
.

Here�z� denotes the largest integer that is less than or equal toz. ValuesL be-
tween1 andM inclusive are reasonable. WithL =M , the blocks do not overlap.
TakingL > M would leave someXt values unused.
Now define the blockwise estimating function

b(Bi, θ) =
1
M

M∑
j=1

m(X(i−1)L+j , θ).

Of course, ifE(m(Xt, θ)) = 0 thenE(b(Bi, θ)) = 0 too. If L = M → ∞, as
T → ∞, then with some assumptions, the dependencies amongb(Bi, θ) become
negligible. Now blockwise empirical likelihood inferences forθ are based on the
empirical likelihood ratio

R(θ) = sup

{
n∏

i=1

wi | wi > 0,
n∑

i=1

wi = 1,
n∑

i=1

wib(Bi, θ) = 0

}
.

ForL
.= αM with α < 1, the dependencies do not become negligible, because

there is a fixed fraction of overlap between consecutive blocks.

Theorem 8.1 Under conditions given in Kitamura (1997), includingM → ∞
andMT−1/2 → 0

−2
(

T

nM

)
logR(θ0) → χ2

(q)

asT → ∞, whereq is the dimension ofθ.

Proof. Kitamura (1997).

The factorT/(nM) accounts for the overlap in the blocks. It would have to be
there even if the time series were IID. IfT is a multiple of the block sizeM and
if L = M , so the blocks do not overlap, thenT/(nM) = 1. ForL = αM , with
α < 1, the blocks overlap, and to compensate

T

nM
=

T⌊
T−M
αM + 1

⌋
M

.= α.

Thus when the blocks overlap, the asymptotic distribution of−2 logR(θ0) is ap-
proximatelyα−1χ2

(q) ranging fromχ
2
(q) toMχ2

(q) asL ranges fromM to 1.
Figure 8.3 shows the 5405 years of bristlecone pine tree ring widths from

Campito Mountain in California. The last year in the data set is1969. The units
are0.01 millimeters. The series values range from0 to 99. There are several in-
teresting features in this data, one of which is that downward spikes tend to be
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Campito tree ring data

Figure 8.3Shown are 5405 years of bristlecone pine tree ring data from Campito Moun-
tain, California. Time increases from top to bottom of the figure, going from left to right
within each of 6 ranges. The bottom range is for the years 1001 through 1969, where the
series ends. Moving up one range corresponds to going back 1000 years. The data values
are between 0 and 99. Within a range the data are plotted between lower and upper refer-
ence lines corresponding to values 0 and 100. The data are in units of 0.01 mm. The data
are from Fritts et al. (1971) and are available on Statlib.

larger than upward ones. There were39 years in which the tree ring width was
more than0.2mm larger than the average of the previous10 years but145 years
in which the width was more than0.2mm smaller than the average of the previous
10 years. We could not capture such asymmetry in an AR model with normally
distributed errors.

The natural estimate of the probability of such a downward spike is145/(5405−
10) = 0.027, because there are145 successes in5395 trials. A binomial con-
fidence interval for this probability would not be appropriate because it would
ignore the dependence in the data.
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Figure 8.4The horizontal axis shows the probability that the Campito tree ring width
decreases by more than 0.2mm from its average over the previous 10 years. The vertical
axis shows the block empirical likelihood ratio, including an adjustment for overlapping
blocks. A 95% confidence interval extends from 0.0214 to 0.0326, as indicated by two
vertical segments.

Define derived time series

Wi = Yi − 1
10

10∑
j=1

Yi−j , and

Zi =

{
1, Wi < −20
0, Wi ≥ −20.

If Yi is a stationary series then so areWi andZi. We are interested in inferences
onE(Zi). We take a block size ofM = 50 years, and starting points separated
byL = 10 years, and constructBi as above.
For these data, theW andZ series have length5395 so that is the appropriate

valueof T . Thevalueof n is �(5395− 50)/10 + 1� = 535. Figure8.4 shows the
empirical likelihood curve for these blocked data. The empirical log likelihood is
multiplied byT/(nM) = 5395/(535×50) = 0.2017 to adjust for block overlap.
This is equivalent to multiplying theχ2

(1) threshold value by1/0.2017 = 4.96.
The95% confidence interval for the probability of a large downward spike ranges
from 2.14% to 3.26%.
ChoosingM andL can be difficult. Here are some guidelines, with the caveat

that blocked empirical likelihood is a new method. Suppose at first that we take
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L = M and look for the right size of non-overlapping block. The asymptotic
theory suggests thatM should tend to infinity in order to control the dependence
among blocks. IfT/M = c, then for very largeT the coverage of empirical like-
lihood should be like that for the mean ofc independent blocked random vectors
Bi. Sendingc to infinity is necessary in order for the asymptotic coverage to set
in. If we felt that ordinary empirical likelihood coverage properties were satisfac-
tory for sample sizesc and above, then we might takeM as the nearest integer to
T/c. The valuec that we would use would depend on the dimension ofBi.
Suppose thatm(Xi, θ) were really independent and normally distributed, and

that we have grouped them. Then we have lost some efficiency. Instead ofT ob-
servations with mean0 and varianceVm say, we have onlyT/M observations
b(Bi, θ) having mean0 and varianceVm/M . Our confidence regions for blocked
data will not be as good as for the unblocked data, but it will primarily be the dif-
ference between usingT/M degrees of freedom instead ofT degrees of freedom.
The sample size reduction byM is largely compensated by a variance reduction
ofM . Similar comments apply if the data are independent, but not normally dis-
tributed. Thisefficiency loss isexplored in Exercise8.6.
In time series examples the data are not usually independent. The errors in

treating small blocks as independent, when they are not, can be very large. Thus
it seems that caution would dictate larger values ofM .
The value ofLwould seem to be less crucial.L can range from1 toM . Smaller

values ofL are usually more statistically efficient, though diminishing returns
seem likely. The number of blocks grows asL decreases, increasing the compu-
tational effort.

8.4 Spectral method

The moving average model of order1, denoted by MA(1) has

Yi − µ = ei + α1ei−1

where|α1| < 1, andei are independent identically distributed random variables
with mean0 and varianceσ2. By substituting forei−1 we find that the MA(1)
model is an ARmodel of infinite order withβk = αk

1 for k ≥ 1. We could base our
inferences forθ = (µ, σ, α1)′ on the expected values ofYi−µ, (Yi−µ)(Yi−1−µ)
and(Yi − µ)2, written in terms ofθ. But such inferences are not efficient. They
do not capture the information aboutα1 in higher order lags than the first.
The moving average model of order,, MA(,) hasYi−µ = ei+

∑�
j=1 αjei−j ,

and the ARMA(k, ,) model hasYi − µ described as an AR(k) model with MA(,)
errors. Estimating equations for MA and ARMA models are more complicated
than those for AR models. See Chapter 8.10.
An alternative to reweighting the estimating equations of an ARMA model is

to proceed through the spectrum, as outlined here. The spectrum may be written
in terms of the parameters of the ARMA model, althoughµ does not enter. The
periodogram of a time series provides a noisy estimate of the spectrum. We can
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take the estimate at�(T − 1)/2� different frequencies. Asymptotically, these are
independent exponential random variables with means equal to the true spectrum
at the corresponding frequencies. The terms in the exponential log likelihood can
be treated as a log likelihood and reweighted with aχ2 limit. See Chapter 8.10
for references.

8.5 Finite populations

In many applications the sample is taken from a finite population. Theory and
methods for sampling finite populations have historically had their impetus in
survey sampling. The same problems now arise in some data mining applications.
Computers that analyze a population of records now have to keep up with other
computers that generate the data, making it attractive to work with a sample.
Suppose that the sample hasn observations made on a population ofN individ-

uals. The statistical problem may be to estimate something about the whole finite
population from the sample. In other settings, we seek inferences on an infinite
superpopulation from which theN finite sample observations were drawn before
we sampledn of them.
Several features make sampling finite populations different from the usual sta-

tistical problems. First, for inferences on the population, we get the answer with-
out error ifn = N . A related feature is that the problems of estimating a pop-
ulation total, or even of estimatingN when it is unknown, may arise for finite
populations, but not for infinite ones. Next, in finite populations it is especially
common for there to be some variables with known population means or totals.
These may be variables that were measured in a census, or they may be quantities
that are constantly updated as records are added to a database. By taking account
of the known population values, we can get sharper estimates for things that we
do not know. Finally, there are a variety of strategies that can be employed in
sampling to get better answers at lower cost. In stratification, we take separate
samples within subpopulations perhaps overweighting an important rare group,
such as records for fraudulent credit card transactions. In cluster sampling, we
partition the population into groups of contiguous individuals, and take a sample
of the groups.
In a simple random sample allN !/[n!(N − n)!] ways of selectingn of N

observations are equally probable. Whenn� N , then the fact that the population
is finite may often be ignored. But ifn/N is not negligible, the finiteness of the
population introduces a dependence described below that should not be ignored.
The customary notation for a simple random sample is that the population val-

ues areYi ∈ R
q, measured on individualsi = 1, . . . , N . The simple random sam-

ple is then denoted byyi, vectors measured on sampled individualsi = 1, . . . , n.
There is understood to be no connection between the sample and population in-
dices. In particular,y1 is not necessarilyY1.
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The population mean ofY is

Y =
1
N

N∑
i=1

Yi,

which is estimated by

y =
1
n

n∑
i=1

yi =
1
n

N∑
i=1

YiZi, (8.9)

whereZi is one if population elementi is in the sample and zero otherwise. The
population variance ofY is defined to be

SY Y =
1

N − 1

N∑
i=1

(Yi − Y )(Yi − Y )′,

which we suppose is invertible. By elementary calculations with equation (8.9),
in whichZi are random andYi are fixed, we find that

Var(y) =
1
n

(
1− n

N

)
SY Y . (8.10)

The finite population correction factor1− n/N arises from negative correlations
among theZi. For two population members, if one is sampled then it is less likely
that the other one is sampled. These negative correlations are usually very small,
but there areO(N2) of them, and together they cause an important variance re-
duction whenn/N is not small.
The standard approach to inference for simple random samples is to obtain an

unbiased estimate

syy =
1

n− 1

n∑
i=1

(yi − y)(yi − y)′.

of SY Y and plug it into (8.10), getting

V̂ar(y) =
1
n

(
1− n

N

)
syy. (8.11)

Then, under a central limit theorem fory, we have(y − Y )′(V̂ar(y))−1(y − Y )
is asymptoticallyχ2

(q). WhenYi ∈ R, the standard95% confidence intervals for

Y arey ± 1.96(V̂ar(y))1/2.
Central limit theorems for finite sampling are a bit more subtle than those for

infinite populations. As we letn → ∞, we must also haveN → ∞ to keep
n ≤ N . Indeed, we assume thatN − n → ∞, for otherwisey is determined
by the average of a small number of excluded points. Finally there has to be a
condition on the sequence of finite populations so that in the limit eachZiYi is
asymptotically negligible compared to

∑n
i=1 yi. A commonly used condition is

that(1/N)
∑N

i=1 |Yi|3 ≤ B for all N .
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8.6 MELE’s using side information

In finite population settings, the effective use of side information (called auxiliary
information in this context) is a very important issue. Maximum empirical likeli-
hood estimates for finite populations have been more thoroughly studied than em-
pirical likelihood ratios. MELE’s allow us to incorporate side information while
obeying range restrictions.
Suppose now the population consists of vectorsUi ∈ R

u of underlying quan-
tities with Yi = Y(Ui) ∈ R

p for some functionY. We take a simple random
sample of valuesui, observingyi = Y(ui). Similarly, letXi = X(Ui) ∈ R

q and
xi = X(ui). We suppose that the population meanX is known to us. Introducing
the functionX allows us to encode a known mean or quantile of a component of
Ui throughX(Ui) = Uij or X(Ui) = 1Uij<Q − α. If one componentUij repre-
sents a categorical variable taking a finite numberc of values, and we know the
population proportions in thec categories, we can encode this knowledge through
c − 1 components ofX(Ui) taking values0 or 1. In general,X encodes a finite
numberq of quantities whose population means are known.
The population variance ofX, denotedSXX , is defined analogously withSY Y .

To avoid inessential complications, assume thatSXX has full rank. Define

SXY =
1

N − 1

N∑
i=1

(Xi −X)(Yi − Y )′.

Suppose at first thatp = 1. For any vectorβ of q components

Ŷ β =
1
n

n∑
i=1

yi − (xi −X)′β

is an unbiased estimate ofY . The usual estimate(8.9)which ignores thexi cor-

responds toβ = 0. The variance of̂Y β is at a minimum forβLS = S−1
XXSXY ,

which is usually unknown. The regression estimator ofY is Ŷ REG= Ŷ β̂ where

β̂ =
( n∑

i=1

(xi − x)(xi − x)′
)−1 n∑

i=1

(xi − x)(yi − y).

Wemaywrite the regression estimator as a weighted combination of data values

Ŷ REG=
1
n

n∑
i=1

(
1− n

n− 1
(xi −X)′s−1

xx (x−X)
)
yi, (8.12)

wheresxx is the sample version ofSXX . For largen we expect the estimator̂β

to be close toβLS and thenŶ β̂ has variance near the optimal value.

If p > 1, then we may still estimateY by the weighted combination (8.12).
The optimality results for a univariateY apply to any linear combination of com-
ponents of the multivariateY .
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A practical concern with equation(8.12) is that some of theyi can receive
negative weights. The result is that range restrictions are not obeyed. Estimated
variances can be negative, and estimated cumulative distribution functions can be
decreasing over some intervals.
An empirical likelihood approach enforces nonnegative weights. We findwi

satisfying
n∑

i=1

wi(xi −X) = 0, and
n∑

i=1

wi = 1 (8.13)

and maximizing
∑n

i=1 log(nwi) subject to (8.13). Then we estimateY by the
maximum empirical likelihood estimator

Ŷ MELE =
n∑

i=1

wiYi. (8.14)

For smalln or largeq it may happen thatX is not in the convex hull ofx1, . . . , xn.

Then the weights required for̂Y MELE do not exist, and so neither does the MELE.
In that case we may have to use regression, and accept some negative weights, or
decide not to impose some or all of the known population means.
The MELE has similar asymptotic properties to the regression estimator, but it

respects range restrictions. Below is a theorem for the casep = q = 1.

Theorem 8.2 Suppose thatn,N , andN − n increase to∞ such that

1
N

N∑
i=1

|Yi|3 < B, and
1
N

N∑
i=1

|Xi|3 < B

for someB <∞. Then

√
n
Ŷ MELE− Y

σY |X
→ N(0, 1)

where

σ2
Y |X =

(
1− n

N

)(
SY Y − S2

XY

SXX

)
.

Proof. Chen & Qin (1993).

The asymptotic variance of̂Y MELE in Theorem 8.2is the same as that of̂Y REG.

Variance estimates for̂Y REG can be used for̂Y MELE.

8.7 Sampling designs

A simple random sample is not always the most efficient way to gather data. In
stratified sampling one divides the population into a finite numberH of strata.

©2001 CRC Press LLC



 

Let the population have elementsYhi = Y(Uhi) corresponding to individuals
i = 1, . . . , Nh in stratah = 1, . . . , H. Stratified sampling takes a simple random
sample ofnh observations from stratumh, yielding observationsyhi = Y(uhi).
Each stratum is sampled independently.
In cluster sampling, the population is partitioned into groups as for stratified

sampling. The groups comprise individuals that are conveniently sampled to-
gether, such as inhabitants of a block, or files created in a time window. Instead of
taking a simple random sample from within each group, a simple random sample
of the groups is taken. From each sampled group, we might take all individuals,
or possibly a simple random sample, or even a cluster sample.
Clustering and stratification can be combined in complicated ways, as for ex-

ample, clusters of clusters within strata, with auxiliary variables having known
population and/or stratummeans. The Horvitz-Thompson and generalized regres-
sion estimators provide a unified approach to estimatingY . For each unit in the
population letΠi be the probability that it is included in the sample. Similarly, let
πi be these probabilities for then observations actually included in the sample.
The Horvitz-Thompson estimator ofY is

Ŷ HT =
1
N

n∑
i=1

yi
πi

=
1
N

N∑
i=1

YiZi

Πi
, (8.15)

whereZi is again an indicator variable for inclusion in the sample. The estimator
(8.15) does not require that we know all theΠi, only those for the individuals
actually sampled. It weights items inversely to their inclusion probability, just as
was done in Chapter 6.1.
Given known values forX, the generalized regression estimator is

Ŷ GREG= Ŷ HT − (X̂HT −X)′β̂HT (8.16)

where, for scalarYi, β̂HT minimizes the weighted sum of squares
n∑

i=1

π−1
i

(
(yi − Ŷ HT)− (xi − X̂HT)′β

)2

.

Known stratum sizes can be incorporated intoX as known population means of
stratum indicator variables.
The estimator (8.16) may be written as a weighted sum ofyi values, and the

same weights are employed for multivariateYi. The generalized regression es-
timator does not necessarily respect range restrictions. Once again, a solution is
available using an MELE, subject to a convex hull condition. Non-existence of the
MELE does provide a diagnostic that the GREG estimator is using some negative
weights, constituting a form of extrapolation.
To construct an MELE that takes account ofπi, we maximize

L(w) =
∑
i∈s

di logwi (8.17)
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wheredi = 1/πi is called a design weight, subject to constraints
∑

i∈s wi = 1
and

∑
i∈s wi(Xi − X) = 0. Heres is the sample, and writing the summation

limits asi ∈ s reminds us that the sample size may be random. The motivation
for L is that it is an unbiased estimate of the log likelihood

∑N
i=1 logWi that we

would use for inferences on a superpopulation, if we had observed the entire finite
population.
Using some foresight, we construct the Lagrangian

G =
∑
i∈s

di log(wi)−Dλ′
∑
i∈s

wi(Xi − X̄) + γ
(
1−

∑
i∈s

wi

)
,

whereD =
∑

i∈s di. Setting
∑

i∈s wi∂G/∂wi = 0 givesγ = D, and∂G/∂wi =
0 gives

wi =
di
D

1
1 + λ′(Xi −X)

whereλ satisfies

0 =
∑
i∈s

di(Xi −X)
1 + λ′(Xi −X)

.

The MELE
Ŷ MELE =

∑
i∈s

wiYi,

respects range restrictions and is close to the generalized regression estimator:

Theorem 8.3 If asN andn increase to∞,maxi∈s ‖Xi −X‖ = op(n−1/2),( ∑
i∈s

di(Xi −X)(Xi −X)′
)−1( ∑

i∈s
di(Xi −X)

)
= Op(n−1/2),

andmax1≤i≤N ‖Yi‖ is bounded, then̂Y MELE = Ŷ GREG+ op(n−1/2).

Proof. Chen & Sitter (1999) show that the MELE and GREG weights differ by
op(n−1/2) and then the bound onYi completes the proof.

Theorem8.3 applies to various formsof cluster sampling. For probability sam-
pling within L strata, we introduceL(w) =

∑L
h=1

∑
i∈sh

dhi log(whi). See
Chapter 8.10.

8.8 Empirical likelihood ratios for finite populations

Now we consider empirical likelihood ratios. For simple random sampling, let

R(µ) = max

{
n∏

i=1

nwi|wi ≥ 0,
n∑

i=1

wi = 1,
n∑

i=1

wiyi = µ

}
.

FromTheorem 8.2, it is reasonable to expect that −2(1− n/N)−1 logR(Y ) will
have an asymptoticχ2

(p) distribution. A more general result, including stratified
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sampling is cited in Chapter 8.10. The factor of1−n/N plays a similar role to the
factor used in blockwise empirical likelihood in Chapter 8.3. It is not surprising
that a correction must be employed, becauseR was derived forN = ∞ and is
not a finite population likelihood ratio.
One way to build the finite population assumption into the likelihood is to sup-

pose that there areK distinct values ofYi in the population. Let them beYi, for
i = 1, . . . ,K and suppose thatYi appearsNi times in the population andni times
in a simple random sample. If theYi are known then the population is described
by the parameter(N1, . . . , NK), which has a hypergeometric likelihood

L(N1, . . . , NK) =
(
N

n

)−1 K∏
i=1

(
Ni

ni

)
. (8.18)

This likelihood is difficult to work with, because it is only defined over integerNi.
However, in the limit withNi/N → wi andn/N → 0, a likelihood proportional
to

∏n
i=1 wi emerges.

8.9 Other dependent data

This section describes some other settings with dependent data, where an empiri-
cal likelihood analysis might add value.
Longitudinal data arise as repeated measures, usually over time, on a series of

subjects. Such data are commonly found in biomedical applications. They can be
arranged into multiple time series, one per subject. The statistical issues may be
to describe the typical time trend of a subject, the subject-to-subject variation in
the trends, or the effects of covariates such as treatments.
Random fields are generalizations of time series to higher dimensional index

spaces. The observations may be taken on a grid inR
g, or at scattered sites, or

continuously, or on some hybrid such as along line transects, as was done for
the shrub width data in Chapter 6.1. Spatial point processes are scattered obser-
vations, such as the locations of trees or galaxies, where the random locations
themselves are under study.

8.10 Bibliographic notes

Time series

Box, Jenkins & Reinsel (1994), Cryer (1986), and Anderson (1994) provide back-
ground material on time series. Politis, Romano & Wolf (1999) provide an ap-
pendix with results on mixing on which equation(8.1) is based. There are many
different nomenclatures for describing spectral densities and their estimates. The
account in Chapter 8.1 follows Chatfield (1989).
The idea of describing a dependent series through a series of independent

“shocks” is a powerful one that Box et al. (1994) attribute to Yule (1927). This ap-
proach underlies most parametric work on time series in the time domain. Efron
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& Tibshirani (1986) propose a bootstrap based on resampling residuals from an
autoregression.
The dual likelihood, due to Mykland (1995), takes the Lagrange multiplierλ

to be the parameter. For each fixed parameter valueθ the test ofθ corresponds
to a test ofλ = 0 for theZi = m(Xi, θ). For IID data the dual and empirical
likelihoods coincide. The dual likelihood applies also to time series and survival
analysis settings with martingale estimating equations. Very generally the dual
likelihood statistic is close to a quadratic statistic (like the Euclidean likelihood),
and has aχ2 limit. Mykland (1995) also presents a notion of Bartlett correctability
for this martingale setting.
Hipel & McLeod (1994) analyze the St. Lawrence river flow data. They identi-

fied an AR(3) model for it, and recommend constraining the lag2 coefficient to be
zero. The data are from Yevjevich (1963). They are repeated in Hipel & McLeod
(1994) and are also available from Statlib.
Chuang & Chan (2001) study unstable autoregressions in which(8.7) has at

least one root on the unit circle, but no roots inside the unit circle. They show
that both the empirical log likelihood ratio statistic and the usual quadratic test
statistic have the same (nonχ2) limiting distribution.
Politis et al. (1999) trace the development of blockwise approaches for the boot-

strap. Carlstein (1986) proposed non-overlapping blocks for variance estimation.
Künsch (1989) and Liu & Singh (1992) developed versions for confidence re-
gions. Politis & Romano (1994) propose amethod of sampling with random block
lengths, so that the resampled series are stationary, conditionally on the observed
one. Politis et al. (1999) remark that more overlap among blocks (smallerL) gives
more efficiency.
Blockwise empirical likelihood was developed by Kitamura (1997), for esti-

mating equations and for smooth functions of means. Kitamura (1997) also ex-
tends the results from Qin & Lawless (1994) to stationary time series, and estab-
lishes Bartlett correctability for some time series versions of empirical likelihood.
The Bartlett correction supposes thatM is of exact orderT 1/3. Then Bartlett cor-
rection improves the order of coverage error fromT−2/3 to T−5/6. The blocking
used in Chapter 8.3 takes simple averages over blocks. Kitamura (1997) raises
the possibility of taking weighted averages within blocks and relates this idea to
kernel methods of smoothing the spectrum.
Kitamura (1999) applies a pre-whitening filter to the time series before apply-

ing blockwise empirical likelihood. The filter subtracts a linear combination of
past series valuesYt−k from Yk. The linear combination is chosen to make the
filtered series more nearly, even if not exactly, uncorrelated, allowing a smaller
block size.
Hipel & McLeod (1994) give an estimate of the spectrum for the Campito tree

ring data. Those data are available on Statlib, with an attribution to Fritts et al.
(1971).
Some properties of a time series, such as its spectrum, are not functions of a

finite dimensional margin, but depend instead on the whole infinite dimensional
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joint distribution of the data. For these Kitamura (1997) describes an approach
based on blocks of blocks, paralleling the blocks of blocks bootstrap of Politis &
Romano (1992).
Estimation in MA and ARMA models is described in Box et al. (1994) and

Hipel & McLeod (1994). Maximum likelihood algorithms usually require back
forecasting of error terms from before the start of the data and the formation of
a sum of squares of estimated errors. As a result, the estimating equations being
solved are not explicit.
Forming a likelihood from the distribution of the periodogram is known as

Whittle’s method after Whittle (1953). Bootstrap-resampled periodograms have
been used by Ramos (1989) to generate new estimators by Rao-Blackwellization.
Franke & Ḧardle (1992), Janas (1994), and Dahlhaus & Janas (1996) propose
inferences based on resampled periodograms.
The spectral approach to empirical likelihood is due to Monti (1997), who also

proposes a Bartlett correction. Monti (1997) presents a confidence region for the
parameters of an ARMA(1, 1) model fit to a series of197 chemical process con-
centration readings from Box et al. (1994). The region is asymmetric, extending
farther toward the origin where the series would be independent than away from
it where the series would be explosive. The parametric region is elliptical.
Monti (1997) simulates some MA(1) processes with parameter values in(0, 1).

Two error distributions are considered:N(0, 1) andχ2
(5) − 5. For simulations

with Gaussian errors, methods based on the Gaussian likelihood did best, but for
non-Gaussian errors, empirical likelihood inferences had better coverage than the
customary asymptotic ones, particularly for parameter values close to the bound-
ary of the invertibility region.

Finite populations

Hartley & Rao (1968) provide one of the earliest NPMLE arguments, using the
discrete likelihood(8.18). They also show how to optimize that likelihood over
integer values to find the MLE. Hartley & Rao (1968) also provide what may be
the very first MELE, maximizing a continuous version of the likelihood subject to
a constraint on the mean. They do not consider nonparametric likelihood ratios,
but show instead that the MELE closely approximates the regression estimator for
which there are well-known variance estimates. They also consider a Bayesian
formulation using a Dirichlet prior.
Chen & Qin (1993) present empirical likelihood for samples from a finite pop-

ulation. In addition toTheorem 8.2, they also present a consistent estimate of the
variance of the MELE based on the jackknife. Under a superpopulation model
with a continuous CDF forY , Chen & Qin (1993) characterize the asymptotic
behavior of the reweighted CDF ofY , using empirical likelihood weights based
on knownX. Chen & Qin (1993) show that the MELE reproduces several well
known estimates from survey sampling. A categoricalX with known category
frequencies gives rise to the post-stratified estimator ofY . The MELE of the me-

©2001 CRC Press LLC



 

dian of one variable, using as auxiliary information the known median of another
variable, gives rise to a raking estimator.
Chen & Sitter (1999) formulate an empirical likelihood that respects design

weights, and they use it to construct MELE’s. Their statement of Theorem 8.3
does not put any conditions onYi. In a personal communication, Jiahua Chen in-
dicates that the conditions on theYi should be the same as those on theXi. Chen
& Sitter (1999) show that the conditions in Theorem 8.3 are satisfied for sam-
pling proportional to population size (pps) with replacement, for the Rao-Hartley-
Cochran method (of pps without replacement), and for cluster sampling. Chen &
Sitter (1999) alsoshow how todefineanMELEfor samplingdesignswithinstrata,
using side information. Zhong & Rao (2000) provide a central limit theorem for
the MELE based on independent simple random samples within strata. They also
show that the empirical likelihood ratio can be used to form confidence regions,
if a correction generalizing1− f to the stratified case is applied.
Sitter & Wu (2000) consider estimating quadratic population quantities defined

as
∑N

i=1

∑N
j=1 φ(Yi, Yj) for some functionφ. Variances and covariances are the

motivating statistics. They modify the design effect likelihood(8.17)to take ac-
count of pairwise inclusion probabilitiesπij = Pr(ZiZj = 1), and obtain range
respecting estimators that incorporate side information.
Wu & Sitter (2001) consider a setting where the entire populationX1, . . . , XN

is known but only the sampledy1, . . . , yn are available. Then using a working
model to link the mean and variance ofYi to Xi, they develop estimators of̄Y
that are consistent generally, and efficient if the working model holds.
Zhong, Chen & Rao (2001) consider combining multiple finite samples to esti-

mate a common feature, such as a mean or CDF, when some of the samples have
distorted observations.
MELE’s for survey sampling have a lot in common with variance reduction

methods in Monte Carlo. Hesterberg (1995b) presents the usual Monte Carlo vari-
ance reduction methods in terms of reweighted sample points.

Other dependencies

Longitudinal data are the subject of Diggle, Liang & Zeger (1994). They are usu-
ally analyzed by techniques in the companion papers Liang & Zeger (1986) and
Zeger & Liang (1986). Bootstrap methods and references for spatial processes are
discussed by Davison & Hinkley (1997, Chapter 8). A parametric model may be
used, or the data can be resampled in spatial blocks. Loh (1996) considers empiri-
cal likelihood confidence regions for the mean based on Latin hypercube samples.

8.11 Exercises

Exercise 8.1The GARCH(1,1) model is widely used for financial time series.
Let ei be a sequence of independent random variables with mean0 and variance
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1. The series values areYi = eiσi where the varianceσ2
i evolves in time as

σ2
i = α0 + α1Y

2
i−1 + β1σ

2
i−1.

This model captures the volatility clustering phenomenon often seen in financial
data, where increases in variance have been seen to persist. It can also give rise
to fatter than normal tails for theYi distribution, even if theei are normally dis-
tributed.
Let θ = (α0, α1, β) and suppose thatei are independentN(0, 1). Obtain con-

ditional likelihood estimating equations forθ.

Exercise 8.2Suppose that we suspect that the random variablesei inExercise8.1
are not normally distributed but instead have some skewness. IfYi are returns
to holding an asset, negative skewness corresponds to downward price move-
ments having a fatter tail than upward ones. Formulate estimating equations for
the GARCH(1,1) model that support the construction of confidence intervals for
the skewness.

Exercise 8.3For the block approach to empirical likelihood, observationX1 is
always contained in blockB1. If T leaves a remainder ofM when divided byL,
thenXT appears in blockBn, but otherwiseXT does not appear in any block.
Redefine the blocks, so that they have lengthM , have starting points separated by
L units, and so thatXT is always used (in the last block) whileX1 may or may
not be used at all.

Exercise 8.4For the Campito tree ring data, the event of interest happened145
times in5395 yearly trials. The confidence interval for the event probability, tak-
ing account of dependence in the data, extends from0.0214 to 0.0326. How much
narrower (or wider) would the95% confidence interval be for a problem with145
occurrences in5395 independent trials?

Exercise 8.5What is the first year in the Campito tree series? (Hint: the year
before 1 A.D. was 1 B.C., there being no year0.)

Exercise 8.6Suppose thatZ1, . . . , Z200 ∼ N(µ, σ2), independently, with both
µ andσ unknown. Statistician A has all the data and constructs an exact95%
confidence interval, of random lengthLA, for µ using thet(199) distribution as
usual. These same observations are then averaged in blocks of10 and sent to
Statistician B. This statistician getsYj = (Z10(j−1)+1+ · · ·+Z10(j−1)+10)/10 ∼
N(µ, σ2/10) for j = 1, . . . , 20, and constructs an exact95% confidence interval
for µ of random lengthLB , using thet(19) distribution. A is clearly better off than
B. Find the mean, variance, and histogram ofLB/LA, by simulation.
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