CHAPTER 4

Regression and modeling

Linear and multiple regression are among the most widely used statistical meth-
ods. This chapter considers empirical likelihood inferences for linear regression
and other models with covariates, such as generalized linear models. The standard
setting for linear regression has fixed predictors and a random response. Empir-
ical likelihood was developal in Chapte 3.4 for smooh functiors of mears and
for estimating equations, but assuming independent identically distributed data.
Some new techniques are required to extend empirical likelihood to settings with
fixed regressors.

Figure 4.1 shows a measue of breas cance mortality versis population size
for a set of counties in the southern U.S.A. A linear regression fits this data set
well, though it is clear from the data, and obvious scientifically, that the variance
of mortality increases with the population size. It is also reasonable to consider a
regression through the origin for this set of data.

In simple linear regression, we observe pdik5,Y;),: = 1,... ,nanditis
thought that for a generic paiX,Y),

EY [ X =z)=fo+ Pz,

where the approximate inequality allows for some practically insignificant lack of
fit. There are two widely used sampling models for linear regression. In one case
(X;,Y;) are independent random vectors from a joint distributiany on R?,

while in the otherX; = z; are fixed and’; are then sampled independently from
the conditional distributiong’y | x_,,. It is also a common practice to sample
random pairs, but to analyze the data as if Xjehad been fixed at their observed
values. These two sampling models extend to multiple regression in an obvious
way.

This chapter first considers independent samplind(o¥” pairs because the
results from Chapter 3 apply directly. Then sampling with fixédis handled
using a more general ELT. Then extensions are made to generalized linear models,
nonlinear least squares, and the analysis of variance.

4.1 Random predictors

Suppose thak € R? andY € R are the generic predictor vector and response.
Let (X;,Y;) be independent random observations from a common distribution.
To make the notation simpler, suppose thatincludes any necessary functions
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Figure 4.1 The left plot shows some cancer mortality counts (plus one) versus the popula-
tion sizes for some counties in the southern U.S.A. The right plot shows residuals for these
data from a linear regression of cancer on population. Source: Rice (1988).

of the available measurements. ThXis= (1, W)’ for simple linear regression on
W,andX = (1,U,W,U?, W2 UW) for a quadratic response surfacelirand
W. We will suppose thaf’ (X’ X) has full rankp. It may be necessary to remove
one or more redundant predictor variables to arriv&awith E(X’'X) of full
rank.

A linear model takes the foroY’ 3 for some vectop € RP. The values; g that
minimizesE((Y — X’'3)?) is

fis = E(X'X) " E(X'Y),

and the sample least squares estimate; gfis
BLs = lix(x, B lix(y.
i n =1 o n =1 A

the NPMLE of 8,5 in the sense of Chapter 2. We u8g; instead of3, to des-
ignate the population value @f, because in regression problefishas a firmly
established use as an intercept coefficient.

Becausedys is a smooth function of means, empirical likelihood inferences
for it follow by the theory in Chapter 3.4, under mild moment conditions: that
E(||X]|*) < o0, E(]| X ||?Y?) < 0o, andE(X'X) is nonsingular. Invertibility of
E(X'X) is needed in order to mak@ s a smooth function of means. There is
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no need to assume that eith&ror Y has a normal distribution, or that(z) =
Var(Y | X = x) is constant with respect ta

There is also no need to assume that) = E(Y | X = z) is of the form
2’ 3. In this case the interpretation is that empirical likelihood confidence regions
for the best valu@y s are properly calibrated, despite the lack of fit that might be
inherent in that best value. A very large lack of fit could make the linear model
irrelevant, and perhaps require the addition of some componeAitsBat a smalll
lack of fit might be acceptable. In practice, some lack of fit is inevitable for many
applications, and empirical likelihood tests are not sensitive to it.

The mean square prediction er®f(Y — X’f31)?) is also a smooth function
of means and so empirical likelihood inferences apply to it. This squared error
can be writtenZ(02(X)) + E((u(X) — X'BLs)?), combining variance and lack
of fit terms.

The regression model can also be approached through estimating equations.
The definition ofgrg is equivalent to

E(X (Y - X'Brs)) =0, (4.1)

and the definition oﬁLs is equivalent to the normal equations

1< A

=D Xi(Yi - X[fis) = 0.

n =1
That is, the errory” — X'31,5 are uncorrelated wittk' and the residual¥; —
X;BLS are orthogonal to the sampl€;s. This formulation allows us to weaker
the moment conditions for empirical likelihood regression inferences. The condi-
tions E(]| X ||*) < oo, andE(|| X ||?Y?) < oo can be replaced b (|| X ||?(Y —
X'Brs)?) < oo. It is still necessary to hav&(X’X) invertible so that3rg is
determined by (4.1).

Define the auxiliary variableg; = Z;(8) = X;(Y; — X/3). The empirical

likelihood ratio function fors is defined by

R(B) = max {Han | ZwiZi(ﬁ) =0,w; > &Zwi = 1} .
i=1 i=1 i=1
For any vectos this empirical likelihood ratio may be computed using the algo-
rithm for a vector mean, applied to th& values. When a single component®f
is of interest, then we maximiz@ over the other components to obtain the profile
empirical likelihood ratio function for the component of interest.

For the cancer data, we takg, = (1, P;)’ whereP; is the population of the
i'th county, andY; = C; whereC; is the number of cancer deaths in thn
county. Thens = (8o, 51)’'. For these data, = 3.58, corresponding to a rate
of 3.58 cancer deaths pai000 population. Because deaths were counted over
20 years, the annualized rated$8/20 = 0.18 per thousand. Also the intercept
Bo = —0.53 is quite close to zero, as we would expect.

Figure 4.2 shows the profile empiricd log likelihoad ratio functiors for 5, and
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Figure 4.2 The left plot shows the empirical likelihood ratio function for the intercept in a
simple linear regression model relating cancer mortality to county population for the data
showninFigure4.1 Avalueof zaoisreasonal®for theintercept Theright plot shovsthe
empirical likelihood ratio function for the slope. The solid curve is for regression through
the origin, the dotted curve is for ordinary regression not through the origin.

(1. Horizontal reference lines mark asymptotic confidence thresholds. These data
are clearly non-normal, and have nonconstant variance, but empirical likelihood
inferences still have good coverage properties in this setting.

Itis natural with data such as these to consider a regression through the origin. It
is clear that a county with near zero population must have near zero cancer deaths.
Furthermore, linearity appears to hold over the observed range of data, including
some very small counties. To obtain a regression through the origin with 8lope
we insertgy, = 0 into the reweighted normal equations, obtaining

Z wz(CZ — PZ,Bl) = 0, and (42)
i=1
Zwipi(ci —Pip) =0. (4.3)
i=1

This almost appears to be solving two equations in one unkrijwone to make

the residuals have reweighted meaand the other to make them uncorrelated
with the population size. This is very different from what we would do with ordi-
nary regression through the origin. In ordinary regression through the origin, the
slope is estimated by"""_, X;Y;/>""_, X2, for scalarX;, corresponding to the
second equation above. Then the resulting residuals do not sum to zero.
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The profile empirical likelihood rati® (3, ) is found by maximizind [}-_ , nw;
subject tow; > 0, .1~ , w; = 1, and the estimating equatio.2) and (4.3)
above, for a fixed value of,. The mAaximizing value is taken to bﬁ Under
mild conditions—21log(R(Brs.1)/R(B1)) — X%l) in distribution asn — oo,
whengys 1 is the true value ofi; and the regression is truly through the origin.

Figure 4.2 also shows the profile empiricd log likelihood ratio curve for the
slope using regression through the origin. Because there is a correlation between
the estimated intercept and slope, fixing the intercept at its known value makes
a difference. This constraint shifts the MLE of the cancee datvn slightly to
3.52. It substantialf narrows the likelihood ratio cure. As Figure 4.2 shows the
confidence interval foprs 1 using regression through the origin is less than half
as wide as that without the constraint. Halving the lendth @onfidene interval
usually requires a quadruplirg of the sampé size Thus one might interpre Fig-
ure 4.2 to mean that choosing regression through the origin more than quadruples
the effective sample size. We will revisit this issue, with another interpretation,
in Chapter 4.5.

4.2 Nonrandom predictors

The usual model for linear regression has deterministic valies- x;. Some-

times these values have been fixed by an experimental design. Sometimes they
are fixed by conditioning. To fiX" by conditioning, in a parametric model, pro-
ceed as follows. Factor the joint density or probability6fandY as a product

with one factor for theX distribution and another for the distribution Bfgiven

X. Commonly theX distribution does not involve the regression parameters, and
so all the information about them is in the conditional distributionyofjiven

X. Then it makes sense to use the conditional likelihood'of .. ,Y,, given

X =x1,...,X, =x,,as in Chapter 3.8.

With X fixed, either by design or conditioning, the data are analyzed condi-
tionally on the observed values &f. Now we suppose thdt(Y;) = p; and that
Var(Y;) = o?.

With fixed regressorsZ;(8) = z;(Y; — z;3) has mean:;(u; — «}3) and vari-
ancer;zio?. Alinear model assumption; = 2, 31,5 makes theZ; (3rs) indepen-
dent with mean zero and nonconstant variance. They would still have nonconstant
variance even if> were constant, because of the factor,. Chapter 4.3 presents
a triangular array ELT, for independent but not necessarily identically distributed
random vectors, that applies to regression with fixgdvheny; = x4 holds for
someg. As with random sampling ofX, Y') pairs, the main requirements are on
moments.

Lack of fit is more serious in the fixed regressor setting, because it makes it
problematic to define a true valugs upon which to draw inferences. A natural
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default value to consider fg¥ s is

n —1 n
(Zazzmﬁ) (Zmiui),
i=1 i=1

corresponding to random regressors sampled from the empirical distribution on
X . Empirical likelihood inferences in this setting tend to be conservative. Asymp-
totically they cover the true value more often than the nominal level indicates.

Theoren 3.5 shows tha imposirg the constrainty w,;U; = E(U) for sample
valuesU; has asymptotically the same effect as conditioning on the observed
value of (1/n) Y_i, U;. So this suggests that we might be able to capture the
effects of conditioning or:; by employing the constraints

n
1
E W;T; = — i3
: n-
=1

and

n 1 n

} : / 2 : /
W;TiT; = — TiT;

: n-

i=1 i=1

while computirg R((). Then our analyss will, in the seng of Theoren 3.5, be
conditional on the first and second moments: of

To match even more features of the observedalues, letQ(z) be ans-
dimensional function of, and consider imposing the constraint’_, w;Q(z;) =
(1/n) > ", Q(z;) = Q analogous to conditioning on the observed valu€)of
Theses constraints cannot widen the confidence regiorstorhey would narrow
it asymptotically if there were any correlation betwegqX ;) andZ,(3).

Wheng s is the true regression vector,

E(Zi(Bus)Q(Xi)) = E(E (Zi(Bus) | Xi) Q (Xi)) = 0.

There appears to be no advantage to conditioning on any finite set of moments of
X in the limit asn — oo. For a scalar function aofs, the ratio of constrained

to unconstrained confidence interval lengths approatliessn — oo. Perhaps
there are benefits to imposing constraints on the reweightdulit if so they tend

to disappear a8 — oo.

There are two common reasons for fixing regressors by conditioning. The first
is that the conditional variance of the least squares estinsiatois simpler than
the unconditional one, especially when the errors are assumed to have constant
variance.

The second, and more subtle, reason is based on the statistical idea of ancil-
larity. Suppose that observing tt& does not give us any information about the
value of frs but does give us information about the variance,égg. For in-
stance, with constant error variandér(fs) = (S0, x:2}) " o2, A statistic
like =", 2%, which tells us nothing about, s but something aboufar(fLs),
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is called ancillary. The point of conditioning on an ancillary statistic is to use the
known variance of our estimate rather than considering athand correspond-
ing otherVar(BLs)’s that we might have had instead. In particular, we should
expect confidence regions f6fs to be large whey"""_, z;2 is small and vice
versa. This indeed holds for empirical likelihood, and most if not all other widely
used confidence interval methods for regression.

4.3 Triangular array ELT

In applications such as linear regression with nonrandom predictors, and kernel
smoothing (Chapter 5), empirical likelihood is applied to the mean of random
variables that are not necessarily independent and identically distributed. Instead
atriangular array structueg;,, € RP fori = 1,... ,nis appropriate. The vectors

can be arranged into a triangular array,

le
Zia  Zoo
Z13  Zoz L33
Zln Z2n Z3n T Znn
For eachn, we will assume that,,, ... , Z,, are independent, but not neces-

sarily that they are identically distributed. For regression with fixed regressors,
Zin(B) = x;(Yi—z!3). Inregressior¥,,, = Z;,, fori < n < m, though this does
not hold in other settings. We assume th4t;,,) is the same foi = 1,... ,n.
In regression, this common value(dor all n, but in other settings the common
mean can depend on The variances of th&;,, have to be of roughly the same
order of magnitude for a central limit theorem to hold.

IntroduceV;,, = Var(Z;,) andV,, = (1/n)> ", Vi, and for a real sym-
metric matrix A4, let maxeig(A) andmineig(A) denote the largest and smallest
eigenvalues of, respectively.

Theorem 4.1 (Triangular array ELT) LetZ;, € RP for1 < ¢ < n andn >
nmin D€ a triangular array of random vectors. Suppose that for eachhat

Zin, -, Zny are independent and have common meanLet ,, denote the
convex hulloZy,,, . .. , Z,,, and putoy,, = maxeig(V},), ando,,, = mineig(V,,).
Assume that as — oo
Pr(u, € Hy) — 1 (4.4)

and

1 & 4 _

= > B (1Zin = mall o32) =0 (4.5)

=1
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and that for some > 0 and alln > nyin,

I > . (4.6)
O1n

Then—2log R(u,) — Xfp) in distribution asn — oo, where

R (pn) = max{ﬁnwi | i:wz (Zin, — pn) = 0,w; > O,En:wi = 1} .
i=1 i=1 i=1

Proof. This theorem is proved in Chapter 11.3[]

For regression problems with fixed predictegsand independent respons€s
the vectorsZ,,(6o) = z:(Y; — z5p) are independent. They all have meaif
Bo is the true common regression vector. That iF{” | X = ;) = 0y, for
1=1,...,n.

The asymptotic results do not depend on whigh,, is used. For regression
problemsn;, > p, for otherwises,, = 0. In applications there are usually
many more data points than regression coefficients, so the nglyehas only a
minor role.

The convex hull conditior{4.4), which was easily satisfied for the mean of
IID random vectors, must be investigated separately for each use of the triangular
array ELT. If all the errors; are positive then it is certain thatg H,,. Simi-
larly, for simple linear regression with; = (1,¢;)’, if the regressions, + (:t
is increasing, with3; > 0, but the sample data are decreasing, with< Y;
whenevert; > t¢;, then0 ¢ H,,. We cannot reweight a decreasing sample to get
an increasing regression line.

Under normal circumstances, we expect however that) will be satisfied
rapidly unlesg is large om is small. Lete; = Y; — x5 be the error for observa-
tion 4, so thatZ;,, = x;e;. We require that some vector of weights > 0 exists
with 3% w; = 1and)"" , w;z;e; = 0. Here is a simple sufficient condition.

Lemma 4.1 Let’H," be the convex hull of the sét; | ¢; > 0,1 < i < n} and
let H,, be the convex hull of the sét; | e; < 0,1 <4 < n}. fH}I NH, #0,
then0 € H,,.

Proof. If z € M, N'H,,, then we may writer = """ wiz; = >0 w; 2,
with all w > 0, 31", wf =1, w = 0if ¢; <0, andw; = 0if ¢; > 0. Then
S wEZi, = xéx wheregy = S0 wie;. We havee_ < 0 < &, and by

takingw; = (w;'|e_| +w; |ey])/(|ex] + |e-]), we find

zn:w»Z _le_|xey + ey |re. 0
P 1 T |’é—'+| + ‘Fé/7| - 1

andsa) € H,,. [
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For simple linear regression witti = 5y + 51t; + ¢; andx; = (1,¢;), the
convex hull condition simplifies further. L™ be the interval from the smallest
t; with e; > 0 to the largest; with e; > 0, and let/,; be similarly defined using
t; with e; < 0. If these intervals overlap théne H,,. We simply require a triple
t; < t; < t, where the sign o¢; differs from those og; andey. If on the other
hand there is some valdesuch thakt; > 0 whenevet; > ¢t ande; < 0 whenever
t; < t, then0O might not be inH,,.

The vectorsZ;,, have variancé’;,, = z;x.02, whereo? = Var(Y;), SO

AR

n
12 : ’_2
n i=1

Under mild conditions onr; and o2, both o1, = maxeig(V,,), and o, =
mineig(V;,) have finite nonzero I|m|ts;100 ando,., respectively, ag — oo.
For regression, conditiof#t.5) becomes

ZH il E (e}) o1, — 0.

If o1, tends to a finite nonzero limit, then a sufficient condition {@5) is that
maxi <<, E(e}) andmax;<;<, ||z;]|* both have a finite upper bound holding
for all n. Still weaker conditions are sufficient. These quantities are allowed to
diverge slowly to infinity, and even the average |of;||* E(e}) can diverge to
infinity as long as it remains(n).

For condition(4.6), the constant can be taken to be slightly smaller than
0peo/ 0100 When these exist. To violate conditi¢4.6) would require either un-
bounded ratios of observation varianeésor unbounded ratios of extreme eigen-
values ofn ™' Y7 | z;x).

4.4 Analysis of variance

The one way analysis of variance (ANOVA) is widely used to compare the means
of different populations. Suppose that we observe independent random variables
Vi e Ryfori =1,... ,kandj = 1,... ,n;. The groups are considered to
have possibly different means, and usually an identical variance. Then the null
hypothesis of identical means is rejected when the ratio

k- — —
ﬁ Zi:1 nz(Yu - Y..)2
k n; —
NoF Lic1 > o1 (Yij — Yil)?
exceeds thé — « quantiIeF,i:f“N . Of the Fi,_q n_j, distribution. HereN =

iy, andYi, = (1/n) Y04, Vi, andY,, = (1/N) 320, 3002, Y. The

F distribution holds if theY;; are normally dlstributed, and it holds asymptoti-
cally for non-normal data. The assumption of a common variance is critical for
asymptotic validity, unless the; are equal or nearly so.
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For an empirical likelihood approach to ANOVA, we suppose fHate R?
are independent and have the distributigp, for d > 1. We do not need to dis-
tinguish ANOVA (d = 1) from multivariate ANOVA (MANOVA) withd > 1. A
natural approach to empirical likelihood for this setting is to define the likelihood
function

Lk(Fl,... ,Fk) = Hﬂvij,

i=1j=1

wherev;; = F;({Y;;}). The empirical likelihood ratio function is then

k ny
Rk(Fl,... ,Fk) = HHnﬂ)ij.

i=1j=1

An alternative formulation is to encode the dataMapairs(7,Y) wherel €
{1,...,k} andY € R% The observatiofy;; is represented by a pair with= i
andY = Y;;. Let F' be a distribution or{,Y") pairs. The data are not an IID
sample from any such distributiafy), in the usual setting whene; are nonran-
dom. Instead the variablebehaves more like a nonrandom categorical predictor.
Define the likelihood

k n;
= H H Wig,

i=1j=1

wherew;; = F'({(4,Y:;)}) > 0 ande 1 ZJ 1 Wij =
The weightsw;; can be factored intav; ;w;, wherewl. = Z - w;; and

wj|; = wi;/wi.. Thew;, factor describes the probability attached}Byo group
I = i, while the factorw;; describes the distribution df;; given that/ = i.
In ANOVA problems, we are usually interested khonly throughw;;. This is
necessarily true when the; have been fixed by the experimental design. The
empirical likelihood ratio function on data pairs may be written

k n;
F) = H H Nwi,wj“

i=1j=1

(1) ) (I )

If we maximize R(F) subject to constraints that only involug;, then the result
will have w;, = n;/N and so

R(F) = Ry (F1, ..., F)

whereF;({Yi;}) = w;};- Maximizing the likelihood ratio for such constraints au-
tomatically keeps the group weights, proportional to the actual sample sizes
Empirical likelihood confidence regions and tests for the one way ANOVA will
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be identical whether they are constructed throRgh") or through the more natu-
ral R (Fi,. .., Fy), aslong as the statistic(#') depends only on the conditional
distributions ofY;; givenI = i and not on the marginal distribution of the group
variable!. The triangular array ELT is then available to justify the method based
on sampling7,Y) pairs.

Suppose that,o = [ ydF;(y) € R? and define

n;

k n; k
R(pr, - s i) ZmaX{HHNwij |wij >0, D wi=1

i=1j=1 i=1 j=1

Zwij(yij—Mi)ZQ j=1,... Jg,}.

j=1
To apply the triangular array ELT, define the auxiliary variablgsy € RP,
whereD = kd. TakingY;; to be column vectors, we write
Ziin = (0,...,0,Y — ut,0,...,0),

) T4y

whereY}; — p; is preceded byi — 1)d zeros and followed byk — i)d zeros. We
could rewriteZ;; 5 asZ;y for 1 <! < N in order to make the notation more
closely match that of the triangular array ELT, but this is not necessary. The key
guantity in applying that theorem is the matkiy; given by

nq Var(Yq1) 0 e 0
Vo 1 0 ngVar(Yey) - 0
N z S

0 0 ce nkVar(Yk,l)

If eachVar(Y;1) is finite and nonsingular, then the condition on the eigenvalues
of Vy is satisfied so long as the sample sizes grow subject to

min; n;

lim > 0. 4.7)

N—oco max; n;

The convex hull condition foZ,; 5 becomes: convex hull conditions: for each
i =1,...,k, the convex hull oft;; needs to contaip;,. Thus under very mild
conditions ,

—2log R(p410; - - - » k0) — X{ D)

in distribution asN — oo.
Returning to ANOVA, suppose thdt= 1. Then

—210g R (110, - - - » k0) = X{n)

in distribution asV — oo. The most common hypothesis is thay = 1 all take
the same (unknown) value. This hypothesis corresponds-td constraints on
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the mean ofZ;; v instead ofk constraints and so
-2 max log R(pty ..., ) — X?k—l)

in distribution asN — oo whenuyg = --- = ugo. The observations do not need
to be normally distributed, or to have a common variance, and the sample sizes
need not be equal. Each group needs a finite nonzero variance.

For d > 1, empirical likelihood produces MANOVA tests for equality pf
requiring very weak assumptions and having an asympﬁgfgg%fl)) calibra-
tion. The formulation above can be further generalized to a setting where the data
have possibly different dimensions in each population. An asymptotic, re-
sult holds for—2log R(u1, - .. , ur) under conditions including a bound on the
ratio of eigenvalues of the matriky. Now the matrixVy is D by D where
D= Zle d;. Whend; # ds, it is not natural to comparg;, and g, though
comparisons of functions ¢fy, . . ., ux may be of interest.

More general multi-sample statistics are considered in Chapter 11.4. For exam-
ple,Pr(Y1; > Y;) is covered there, but not by the ANOVA formulation described
above.

4.5 Variance modeling

Least squares inferences can be inefficient when the respohses nonconstant
variances?, for fixed regressors, or wherf (r) = Var(Y | X = z) is noncon-

stant inz, for random regressors. Greater accuracy can be obtained by weighting
observation in inverse proportion to the variance Bf. In some cases the inef-
ficiency of unweighted least squares is mild and may be tolerated. In others, the
inefficiency may be large enough that we seek to put more weight on the less vari-
able observations. This can be done by introducing a model for the variafice of
Sometimes we may introduce such a model because the variance is interesting in
its own right.

Suppose that we obsery&’, Z,Y") triples, whereX and Z are thought to be
related to the mean and variance Y¥of respectively. It may be thal is X, a
subvector ofX, or a transformation oX . Perhaps X;, Z;,Y;) are 1ID vectors,
or alternativelyr; andz; are fixed. Because the varianceYotannot be negative
it is natural to model the logarithm of the variance ¥6fusing Z. The model
Y| (X,Z) ~ N(X'S,exp(2Z'v)), leads to the estimating equations

0= % Zexp(—Qzl'-'y)xi(Yi —z3) (4.8)
i=1
0= % Z 2 (1 —exp(—22y)(Y; — xiﬁ)2) (4.9)

=1

For the breast cancer data, take= (1, P;)’, andz; = (1,log P;)’, whereP;
is the population of théth county, and tak&; = C;, the number of cancer deaths
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in that county. The model for the expected value_pfis now 5y + 5, P;, but we

will run the regression through the origin, by constrainifag= 0. The model for

the conditional standard deviation©f is a power modetxp(yo +71 log(P;)) =
exp(vo)P;"". A normal distribution clearly cannot hold for discrete data, but the
parametersi;, vo, and~; retain their interpretations as parameters of the mean
and variance of”' given P. Specifically, E(C|P) = g, P, andVar(Y|P) =
exp(2y0) P2,

The simplest parametric model one might believe to hold for cancer incidence
is Poisson with intensity proportional to the population size. This model would
give a regression through the origin. It would also give = 1/2 and~, =
log(B1)/2, because for a Poisson model the variance equals the mean. It is often
found that a Poisson model fails to fit epidemiological data. A Poisson model may
be derived by assuming that different people get cancer independently of each
other, and with the same small probability. Commonly there is overdispersion,
wherein the variance of observations with different means increases faster than
does the mean. This can happen with clustering (as for families within counties)
or because there is variation from county to county in factors such as industrial ex-
posure, age, or smoking. A commonly used model for data overdispersed relative
to the Poisson is the Gamma distribution. For Gamma distributigns; 1.

The MLE's for the cancer data a&; = 3.57, 99 = 0.602 and4; = 0.731.

The value fory; describes overdispersion relative to a Poisson model, but less
overdispersion than would hold in a Gamma model.

Theleft pane of Figure 4.3 showsthe profile empiricd li kelihoad ratio function
for 8;. For comparison purposes, the curve fgrfrom a regression through the
origin without variance modeling is also shown. The two curves have roughly the
same width. The approximate four-fold efficiency gain from regression through
the origin can also be obtained by variance modeling which puts more weight on
observations from small counties. Also, using both techniques is not much more
accurate than using just one of them.

Theright pane of Figure 4.3 plots the profile empiricd likelihoad function for
~1 using both regression through the origin and unconstrained regression. The
constraint narrows the empirical likelihood function peak slightly. In particular,
constraining the regression to go through the origin raises the lower confidence
limit for -, somewhat. By either curve, we can infer that both the overdisper-
sion relative to the Poisson model and the underdispersion relative to the Gamma
model are statistically significant. The val0g’5 is near the center of the confi-
dence interval fory;, and this corresponds to weighting the observations propor-
tionally to P!5 instead ofP or P? as in Poisson and Gamma models, respectively.

4.6 Nonlinear least squares

In some applications there is a specific functional foffa;, #) that is known
or suspected to giv&(Y|X = xz). Then a reasonable way to estimatés to
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Figure 4.3 The left plot shows the empirical likelihood function for the intercept in a linear
regression through the origin, relating cancer mortality to county population for the data
shown in Figure 4.1 The solid curveisfroma heteoscedast regressio mode| the dotted

curve is from a regression model using constant variance. The right plot shows the empir-
ical likelihood function for the exponent in a power law relating the standard deviation of
the cancer mortality level to the population size. Values 1/2 and 1, corresponding to Pois-
son and Gamma models, respectively, do not fit the data. The solid curve is for regression
through the origin, the dotted curve is for regression not contrained to pass through the
origin.

minimize

n

S0) = (Vi — f(x:,0))* (4.10)

=1
with respect t@. Minimizing equation (4.10) gives the maximum likelihood es-
timate of# under a model with independekt ~ N (f(x;,0),c?). We suppose
that f(«, 0) is not linear ind, for otherwise linear regression methods could be
used.

The least squares estimate is still valuable, eveY ire not normally dis-
tributed or do not have equal variance. For rand&mm the population quan-
tity estimated is that value af minimizing E((Y — f(X,#))?). In particular,
if E(Y|X = x) were really of the formf(z, 6y), thenfy minimizesE((Y —
F(X.0)?). )

Finding the nonlinear least squares estintatan be a challenge. Success can
depend on using good starting values, and it may be necessary to rescale the data
or parameter values to avoid loss of numerical accuracy. The same edliiate
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used for empirical likelihood and parametric inferences. The methods differ when
it comes to constructing confidence sets.

Normal theory confidence regions fémay be obtained either by linearizing
the model or by profiling the log likelihood function. Linearization inferences
begin with the approximation

J(z4,0) = f(xi,00) + (0 — 09) g(x4,60),

where

g(fL’Z‘,Q) aaef(xlve)

The vectord — 6y may be approximated by a linear regression withnaloy p
predictor matrixJ and a response vectdrgiven by

g(z1,00) Y1 — f(z1,00)

,00) Y, — ,0
= J(60) = g(xg: o) and Z = Z(0) = 2 :f(xz o)
g(xna 00)/ Yn - f(xna 00)

The valuefy is unknown. The Gauss-Newton iteration estlmaﬂ;esby iterated
least squares, replaciigoy 6 + (J'.J)~1.J'Z, whereJ = J(f) andZ = Z ().

Under standard assumptions, the asymptotic dlstr|but|on16?(9 — ) is
N(0,02%(J'J)~1). This matches our expectations under a linear regression model
on J, and justifies ellipsoidal confidence regions favf the form

{9 | (0 —6)JJ(0—0)<s pF;,ﬂp} (4.11)
wheres? = S(0)/(n — p).

Confidence regions fdl, formed by thresholding the normal theory likelihood
reduce to thresholding the functiéi{d). The asymptotic distribution dfS'(6,) —
S(9))/ps®is F,,,_, justifying confidence regions of the form

{9 | S(6) < S@)[1+ — Fplnap” (4.12)

It can be very difficult to get accurate inferences in nonlinear least squares
problems. The source of this difficulty is curvature of the vector

fn(e) = (f (.%'1,9) yeee 7f(xn79))/

expressed as a function @fThis mapping fronR? to R” has two kinds of curva-

ture: intrinsic curvature and parameter effects curvature. Intrinsic curvature arises
because the-dimensional surfacéf,(0) | # € RP} in n-dimensional space

is not flat but curved. Parameter effects curvature arises because of the label-
ing throughd of the points in this surface. In a linear mapping, chandirng

0 + A produces the same changefipfor any value of. In a nonlinear mapping
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fn(0+A)— f,(0) can depend strongly ahfor fixed A. Linearization inferences
implicitly approximatef,, (0 +A) — f,,(0) at everyd by f,,(60+A)— f,.(), while
methods based directly on the sum of squares do not make this approximation.

If we reparameterize, replacigby 7(6) the intrinsic curvature of the surface
is unchanged, but the parameter effects curvature will usually have changed. It
is common for nonlinear models to employ the exponential function, or even to
have the exponential in an exponent. These models can have very high parameter
effects curvature.

It has been found empirically that confidence regionsffand functions of
found by thresholding (profiling) the sum of squares are usually well calibrated
but that confidence regions based on linearization can be very badly calibrated.
The usual explanation is that intrinsic curvatures are typically small compared to
parameter effects curvatures.

Another explanation for the success of methods based on the sum of squares
runs as follows. For normally distributéd with known and constant?, the set
{61 S < a2xf;f)’a} has exactlyl — « coverage probability, regardless of
the form of f. Coverage error can enter whef is estimated. In a normal linear
model, the average squared residua$i§)/n = (n — p)s®/n ~ T Xy /T
This average squared residual tends to be smallerdthgout in a way that is well
understood and easily corrected. For a pathological nonlinear model, in which
the p-dimensional hyper-surfacgf,,(¢) | § € RP} C R™ nearly fills then-
dimensional spacé(f) can be far smaller tham?, and no practical correction
is available. But for reasonable models, the correctioﬁ(@o implicit in (4.12)
does not go far wrong.

Empirical likelihood inferences for nonlinear least squares are based on

e 3 . J— . 2
0 (wy,...,wy) —argm(}nsz(K f(x,0))°.

i=1

If the sum of squares takes a unique minimum at a point where its gradient with
respect td@ vanishes, then the estimating equations

Zwi(yé — f(xi,0))g(x;,0) =0
i—1

serve to definé for given weightaw;. Because empirical likelihood is parameteri-
zation invariant, it is only affected by parameter effects curvature, in the same way
that a parametric likelihood is. Empirical likelihood inferences have an advantage
in not requiring constant error variance.

Figure 4.4 shows data measurig calcium upteke Y versus timeX. A reason-
able model for these data is

E(Y;|Xi = @) =01 (1 — e %) (4.13)
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Figure 4.4 Shown are the calcium uptake data (Rawlings 1988) and a mBgE| X =
x) = 01(1 — exp(—02x)) fit to the data by nonlinear least squares.

The least squares estimates éfe: 4.309 andéQ = 0.208. The estimated curve
01(1 — exp(—0z) is shown as well.

Figure 4.5 shows the empiricd likelihoad ratio confidene regions for 6. These
contours do not look very elliptical. Some of them are not even convex.

4.7 Generalized linear models

In a generalized linear model (GLM) we begin with a parametric model for the
dataY ~ f(y;6), wheref may be either a probability density function, or a
probability mass function, with a single real-valued paramétdhis parameter
is then written a®) = 7(X’f) for predictorsX, a coefficient vectogs, and a
known functionr. The same response surface modélg that are used in linear
regression models may be used in GLM’s. The functiaerves, at the least, to
squash the real line into the natural domainfo&LM’s are usually described in
terms of the link function—! for which X’3 = 7=1(9).

Apart from normal theory regression, the most widely used GLM is logistic
regression. Her&; € {0,1} are independent, witkr(Y; = 1 | X; = z;) =
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Figure 4.5 Shown are empirical likelihood contours for the parametérsand - in the
calcium uptake model. The confidence levels are 50%, 90%, 95%, and 99%.

T(x}3), for
_exp(z) N
T(2) = Trep@) (1 + exp( z)) .
The parametric likelihood fof is

n

[T ™ = r(@ie) =,

i=1

with log likelihood
> Yilogr(iB8) + (1 - Y;)log(1 — 7(«}8)),
i=1

and estimating equations
n YL 1 }/l .
— 7' (x;B)x; =0,
2 (w;m 1= (7] >>

where7’(z) denotes

d exp(—2)

5,7 = 1t e 7(2)(1 = 7(2)).
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After some algebra, the estimating equations simplify to

S (Y - 7(x}8)) = 0. (4.14)
=1

Empirical likelihood inferences for logistic regression are based on

=1
whereZ,;(3) = a:l( ; — 7(x) 5))
For a generalized Imear model witf) ~ f(y;;6;) andd = 7(z;3), the esti-
mating equations are

- yzv ) e,
; Flyr 6)) 7 (xB)x; = 0, (4.15)
where as usugj(y,0) = df(y;0)/06. In practice it can pay to simplify (4.15)
for the actual functiond, g, andr of the model. For example, (4.14) provides
insight into logistic regression that is not directly evident in (4.15).

A common source of difficulty with generalized linear models is overdisper-
sion. The generalized linear model usually implies that the conditional variance
of the response, given some predictors, is a known function of the conditional
mean, given those same predictors. Overdispersed data has a conditional variance
larger than what the model predicts for it. Overdispersion can invalidate statis-
tical inferences based on parametric likelihood ratios. An empirical likelihood
analysis treats the generalized linear model as a “working likelihood”, using the
same maximum likelihood estimate, but substituting a more generally applicable
likelihood ratio for the parametric one.

Giant cell (temporal) arteritis (GCA) is a form of vasculitis — inflammation of
blood or lymph vessels. A set of data on vasculitis cases was collected in order to
investigate statistical methods of separating GCA from other forms of vasculitis.
Therewere 585 caseswith the 8 binaly featuresrecorde in Table 4.1 Theresults
of alogistic regressim are shown in Table 4.2 and in Figure 4.6.

The coefficientss; are all strongly significant except the one for scalp tender-
ness. For a patient with symptoms € {0, 1}, interest centers on the function
0 = Bo+ Zle z;3; of the 3;. The primaly interes may bein (14 exp(—6))~!,
the probability under the logistic regression model that this patient has GCA.
Figure 4.7 shows the empiricd likelihoad ratio for this probability for nine hypo-
thetical patients, the'th one of which has the firdt — 1 symptoms and no others.
For a patient with the first three or fewer of the symptoms, the likelihood concen-
trates around low probabilities of GCA. If six or more symptoms are present, then
we may be similarly confident that the probability of GCA is very high. A GCA
probability nearl /2 would describe great uncertainty. For a patient with the first
four or five symptoms and no others, not only is the outcome uncertain, even the
amount of uncertainty is not well determined from the data.
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Variable Equals 1 if and only if

Headache New onset of localized headache
Temporal artery Tenderness or decreased pulsation
Polymyal rheumatism  Aching and morning stiffness
Artery biopsy Histological changes on biopsy,
showing destructive inflammatory process
ESR Erythrocyte sedimentation rate50 mm/hour
Claudication Fatigue and discomfort while eating
Age Disease onset after age 50
Scalp tenderness Tender areas or nodules over scalp, away from arteries

Table 4.1 Binary predictors of GCA. See the source (Bloch et al. 1990) for full definitions.

Another quantity of interest here is the predictive accuracy of the logistic re-
gression. Suppose that a threshold used so that i3 > ¢ thenY is predicted
to bel, otherwiseY is predicted to b®. The value of: might be0, or it might be
adjusted to take account of the prior odds fHat 1, or the ratioL(1,0)/L(0,1)
whereL(j, k) is the loss from predicting” = j whenY = k.

Variable Coefficient Log likelihood
Intercept —8.83 —272.33
Headache 154 —7.55
Temporal artery 2.45 —-11.21
Polymyal rheumatism 1.07 —3.59
Artery biopsy 3.56 —43.96
ESR 1.69 —6.26
Claudication 2.06 —4.26
Age 3.50 —19.72
Scalp tenderness -0.21 —0.59

Table 4.2 Estimated logistic regression coefficiejsfor GCA predictors, with empirical
log likelihood forHy : 3; = 0. Scalp tenderness is not a statistically significant predictor.
The others are all strongly significant.
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Figure 4.6 Shown are empirical likelihood functions for the 9 parameters in the logistic re-

gression of the GCA data. The plotting limits f§rcorrespond to o (5;) approximately

equal to—25.0. The horizontal lines denote approximate 95% confidence levels, using a

X calibration of —2log R(3;).

Defined, andf, through estimating equations

0=E(Y x (1zs<c —61)),
0=E((1-Y)x (1zg>c— b))

and

Thend; is the probability of making a mistaken prediction, when= j. The
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Figure 4.7 Shown are empirical likelihood functions for nine hypothetical patients. Patient

k presents the first k 1 symptoms and only those, foek1, ..., 9. The top figure gives

the empirical likelihood ratio function foEj’“:_olﬁ,-. As the number of symptoms increases
from zero to nine each curve is to the right of the previous one, except that the curve for
all eight symptoms is just to the left of the one for the first seven symptoms. The lower
figure plots the same likelihoods versds+ exp(— ij:o 6))~%, giving a likelihood for

the estimated probability of GCA.

guantity1 — 6, is the sensitivity of a logistic regression classifier for GCA. We
will work with ¢ = 0 for simplicity.

Sample versions af, andd; are subject to a bias, because the sample version
of 3 has been fit to the data. In an example like this with a large number of ob-
servations and relatively few parameters, such bias is likely to be small. Thus we
might consider estimating; and forming confidence intervals for it by empiri-
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cal likelihood. A difficulty arises because the Heaviside functdfy) = 1,>¢

is discontinuous, making both optimization and theory much harder. We replace
H by the smooth functiort’(u, e) = Pr(t4) < u/e) wheret, is a Student’s

t random variable on four degrees of freedom and 0. Takinge = 0.05, the
estimating functions are:

0= E(Y x (G(c— Z3,0.05) — 91))
0= E((l —Y) x (G(Z8 — ¢,0.05) 90)).

The function G(-, 0.05), shown in Figure 4.8, is continuows ard differentiable
and is within0.01 of H for values ofu with exp(u)/(1 + exp(u)) outside the
interval[0.45, 0.55]. This substitution makes; more tractable at the cost of blur-
ring the error count for near misses.

Figure 4.9 plots the empiricd likelihoad for the smoothé conditiond error
probabilities, when using a threshold ©f= 0. The flatness at the top of these
curves is not very common in profile log likelihoods. On inspection of the data,
there are a number of observations with= 0 and Z3 just barely less than
0. Small movements in the logistic regression parameters can produce modestly
large positiveZ 3 values for these observations.

4.8 Poisson regression

Poisson regression is a generalized linear model in whjeh Poi(7(x}3)). Here
x; is a vector of predictors, usually including a component always equalftbe
most widely used model hagz) = exp(z).

The number of home run¥ hit by a baseball player in one year may have
approximately a Poisson distribution. It is reasonable to expect the number of
home runs to depend on the number of timethe player came to bat, as well as
the number of yearsthat the player has been playing. A natural model is that in
yeari, Y; ~ Poi(\;) where

Ai = exp(fo + Biti + B2 log(m;))
=m{* exp(Bo + Put:).
It is natural to set3, = 1 in order to study the number of home runs per at

bat. Such a constraint is called an offset in generalized linear modeling. Thus we
consider the model

Y; ~ Poi(m; exp(By + Biti)).

Baseball fans tend to study at bats per homewyitY;. Figure 4.10 shows
this quantity plotted against the year for two singular home run hitters of the
20th century: Babe Ruth and Hank Aaron. It is well beyond the scope of this text
to attempt to compare two players from different eras. However, the coefficient
(1 can be interpreted as a comparison for an individual player. A positive value
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Figure 4.8 The top plot show&! (u, 0.05) and H (u) for the logit,u = log(w/(1—m)). The
bottom plot showsé?(u, 0.05) and H (u) versus the probabiliityr = exp(u)/(1+exp(u)).

describes a player whose home run production is increasing over time. A negative
value has the opposite interpretation.

It appears from the plot that Ruth’s home run production was fluctuating around
a decreasing trend line. Aaron’s was mostly increasing, except for his final two (or
possibly three) seasons. A trend in home run production could be due to changes
in a player’s skill, or to many other factors, such as an opposite trend in the pitch-
ing talent, or changes in baseball manufacture, stadium size, and team strategy.

For Babe Ruthf3; = —.01841, corresponding to a drop of aboli84% per
year in home run production per at bat. For Hank Aarén= 0.01420, corre-
sponding to an increase of abdut2% per year.

We can investigate these trends by constructing confidence intervais. far
least squares regression confidence interval would ignore the fact that for Poisson
data the variance is equal to the mean. A confidence interval based on the Poisson
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Figure 4.9 The left curve shows the empirical likelihood function for the smoothed prob-
ability of error for a patient with GCA. The right curve shows the empirical likelihood
function for the smoothed probability of error for a patient without GCA.

likelihood could be in error because of overdispersion. Finally a confidence inter-
val based on likelihood curvature at the MLE might be inaccurate because of the
strong curvature in the exponential activation function.

Figure 4.11 shows profile empiricd likelihoad ratio curvesfor 3;, for these two
players. The bootstrap threshold fe2 log R (/5;) is approximatel\s.65 for Babe
Ruth ands.51 for Hank Aaron. These are indicated by horizontal calibration lines
atexp(—6.65/2) = 0.0360 andexp(—6.51/2) = 0.0385, respectively. A short
vertical line throughs; = 0 shows thab is in the confidence interval for Aaron,
and just barely inside the one for Ruth.

It is plausible that Ruth’'s home run rate only appears to decrease because of
sampling fluctuations. Aaron’s home run rate could more easily have been con-
stant. Running the analysis on all of Aaron’s seasons but the last two, one finds
that0 is clearly outside of the confidence interval. The interpretation of this is that
Aaron might have been steadily increasing in home run output for thefirst
his 23 seasons, but that the last two seasons do not fit the linear model.
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Figure 4.10Shown are the number of at bats per home run for Babe Ruth and Hank Aaron,
in each year of their careers. The left curve is for Babe Ruth, the right is for Hank Aaron.
The Aaron data can be fourd at http://Baseball-Reference.co mand the Ruth

data is from Stapleton (1995).

4.9 Calibration, prediction, and tolerance regions

In linear regression, a common problem is to construct a confidence interval for
Bo + B1xo, Wherez is a specified value of the predictor variable. A related prob-
lem, called calibration or inverse regression, is to find a confidence region for the
valuexq with 8y + B129 = o, for a given response valug.

These problems are similar in that they may be handled by maximizing likeli-
hood, parametric or empirical, subject to the additional constraint

Bo + Bi1xo = Yo-

For regressiong is fixed and the likelihood ratio is found for eagh, after
maximizing overgs, and ;. For calibration,zo varies for a giveny,. There is

an important practical difference: when the slgpeis not well determined the
confidence set fox is not necessarily a finite interval. It can be the whole real
line or even the set theoretic complement of a finite interval.

Prediction intervals extend easily to nonlinear and generalized linear models.
Calibration intervals are more complicated. Specifyiggmposes only one con-
straint onzg, so if the predictor is in a-dimensional space, there will generally
be ap — 1 dimensional space afy values consistent with, at the MLE of the
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Figure 4.11Shown are empirical likelihood ratio curves for the time coefficignin the

home run intensities of Babe Ruth and Hank Aaron. The coeffigieneasures a player's
annual improvement in home run productivity, as described in the text. The curve for Ruth
is to the left of that for Aaron. Horizontal reference lines and a short vertical reference line
show that 0 is in the confidence interval fér for both players, as described in the text.

parameter. More generally, when the dimensioXaf larger than that oY, we
can ordinarily expect that calibration estimating equations are underdetermined,
while if Y has the larger dimension, we might anticipate the calibration problem
to be overdetermined.

A related problem is that of tolerance intervals or regions. Giygnwe seek
a set that with confidencé — « contains at least — ~ of the probability in
the distribution of corresponding, values. Consider a linear regression problem
with observationg X;, Y;) € R? independent and identically distributed for=

1,...,n. The estimating equations
0=EY — B — A X) (4.16)
0=EX(Y - — 1X)) (4.17)
0=E((Y = fo— 51 X)* —0°) (4.18)
0= E(1Y<ﬁ0+51X+'rcr - 095) (419)

define the regression intercept, slope, and error standard deviationstg Be,
ando, respectively. They also defiresuch thab% of theY values lier or more
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standard deviations above the regression line. For a tolerance intgyval; xo+

7o is of interest, while3y, 51, 7, ando themselves are nuisance parameters.
Equation (4.19 above is nat differentiabé with respetto the parametersand

so Theoren 3.6 does nat apply. Theoren 3.4 does apply if we are satisfied with a

joint confidence regiot’* ~« for (3y, 51, o, 7). We could construct a regiaii* —«

using ax%4) calibration. The seff3y + B1x¢ + 70 | (Bo, B1,0,7) € C1=2} then

has asymptotic coverage greater than or equal to the nominal level frogt,the

calibration. Intuitively we expect that the right coverage level should be obtained

using one degree of freedom. Presently known results do not let us conclude this

in general. See Chapter 10.6 for some related results.

4.10 Euclidean likelihood for regression and ANOVA

Applying the Euclidean log likelihood to the regression problem produces a test
statistic

n —1
(B - Bo) [(X'X)‘l (Z(n ~ Xq;m?Xng) Wc)‘l] (B - o)
=1
whereX = (X; Xo -+ X,,)'.
This is equivalent to using White’s heteroscedasticity robust estimate

n

o (Z(Yi - XQB)ZXZ-X2> (') (4.20)

i=1

of the covariance matrix 8. The true covariance of is
(2'x)" (Z a?XiX;) (X)),
=1

and so (4.20) can be thought of as us{dg — X/3)2 as an estimate af2. For
each individualo?, this is a poor estimate, but the estimation errors tend to
cancel and the result gives properly calibrated inferencestbiat do not require
equal variance for the observations.

If there is a common value? = o2, the true covariance simplifies to the fa-
miliar form o2(X’x)~!, for which the usual estimate is of the fodaf(x’x) 1,

For the Euclidean log likelihood the two approaches to ANOVA in Chapter 4.4
do not in general provide the same answer. Takingktléstributions approach,
with distance functioy ", S5t (njvi; — 1)* the resulting test statistic is

.
3 T = Y..)?
=1 " 7

2
5i
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where

Nn;
(2 ]:1

and
i _
Vv - Dici ”iYi-/Szz.
Zf:l ni/s?
The test statistic for regression, and the test statistic for ANOVA (with minor
modifications) have both been used in applications before, as described in the
bibliographic notes in Chapter 4.11.

4.11 Bibliographic notes

Empirical likelihood for regression was considered by Owen (1991), who used the
normal estimating equations to study first order coverage properties, including the
case of nonrandom predictors. Song Chen investigated higher order terms, estab-
lishing Bartlett correctability and exhibiting the Bartlett factor, again for nonran-
dom predictors. Chen (1993) considers confidence regions for the regression co-
efficients and Chen (19®4looks at confidence intervals for linear combinations

of regression coefficients.

The formulation of empirical and Euclidean likelihoods for ANOVA is taken
from Owen (1991). Jing (19%% and Adimari (1995) independently considered
the problem of comparing the means of two populations. Both find a chisquared
limit for the difference in means, using a product of one sample empirical like-
lihoods. Adimari (1995) obtains a noncentral chisquared distribution under alter-
nativesO(n~'/2) from the true difference in means. Jing (189Shows Bartlett
correctability.

The conservatism of empirical likelihood for fixed predictors and a misspec-
ified regression model is explained in Owen (1991). Davidian & Carroll (1987)
consider variance modeling in regression problems.

La Rocca (1998) studies the coverage error of empirical likelihood for linear
regression models, including several error distributions, and both equal and un-
equal error variances. Bootstrap calibration of empirical likelihood proves to be
most reliable.

The most basic form of model selection for regressions is conducted by fitting
the model with and without one of the predictor variables and comparing the sum
of squares. In empirical likelihood, the analogous procedure is to fit the model
with and without constraining the corresponding parameter to be zero, and to
compare the constrained and unconstrained empirical log likelihood ratios. Con-
straining a parameter to zero is different from dropping the corresponding predic-
tor, because the constrained fit keeps the residuals uncorrelated with the missing
predictor. Based on the results in Qin & Lawless (1994) we would expect this ex-
tra information to be helpful. Kolaczyk (1995) investigated empirical likelihood
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model selection, introducing an empirical information criterion (EIC) analogous
to AIC (Akaike’s information criterion) given by Akaike (1973).

Generalized linear models were introduced by Nelder & Wedderburn (1972).
McCullagh & Nelder (1983) is the standard reference on GLM's. Empirical like-
lihood for GLM'’s was investigated by Kolaczyk (1994), who considered GLM’s
with a fixed amount of overdispersion. He also considered estimating an overdis-
persion constant and modeling the overdispersion via a link and a linear model.
The usual inferences for GLM’s do not require that the motivating parametric
model hold. They can instead be defined through a quasi-likelihood. See Wed-
derburn (1974). This weakens the model to a requirement that the conditional
variance ofY” given X = x be functionally related to the conditional mean, that
is o2(z) = h(u(z)) for some known function:. There is no reason in general to
expect data that depart from the parametric model to satisfy the quasi-likelihood
condition, although the introduction of an overdispersion parameter or model
can mitigate the problem. Nelder & Pregibon (1987) introduce extended quasi-
likelihood to model overdispersion. See also Jorgensen (1987). Efron (1986) in-
troduces double exponential families.

The GCA data is from Bloch et al. (1990). They investigate numerous predic-
tion rules for GCA and find that logistic regression performs best. They do not use
a zero threshold. Their logistic regression coefficients are not the same as the ones
in Table 4.2, thoudh they are qualitatvely similar. There may have been slight dif-
ferences in the data, or they might not have used maximum likelihood estimates.
The codficientsin Table 4.2 agres with the ones computel by the gim function in
S-PLUS.

The idea to study baseball home runs comes from Stapleton (1995), who pro-
vides the Babe Ruth data. Data for other players is easily available over the Inter-
net at numeros sites The site Baseball-Reference.co mcontairs alot of
baseball data.

Background material on nonlinear least squares asymptotics and algorithms
can be found in Bates & Watts (1988) and Seber & Wild (1989). The calcium up-
take data is from Rawlings (1988). Davison & Hinkley (1997) present a bootstrap
analysis of it.

The estimat€4.20)is due to White (1980).

For the analysis of variance (with= 1), the Euclidean likelihood is essentially
equivalent to the statistic used by James (1951) to test differences among group
means when the variances are thought to be unequal. James (1951), uséd
instead of; in definings?. His critical value was not taken from& distribution
but instead took account of the differing valuesspf

4.12 Exercises

Exercise 4.1 Consider regression with a predictdr € R¢ and a responsg ¢
R. The data are I X,Y") pairs, including numerous ties among thés. The
data can then be labeled &5 € R?, i = 1,..., k, with which we observ&;; €
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R,j =1,...,n;. DEﬁneZij(ﬂ) = X{(Y;] — X;ﬂ) Letffb = (1/7’11) Z}L;1 }/ijv
Zi(B) = (1/mi) 32532, Zi;(8), and

PR =0y TR L T
! 0 n,-:l.

Define pure error and lack of fit varianc(egE = ff y—p(x))?dFx,y (z,y) and
otp = [(u(z) — 2'B)?dFx (z), wherep(z) = [dey‘X «(y). Forn; > 1,
E(s?) = og. Consider the estimating equatlons

k
0= ZwmiZ(ﬁ)
i=1
0= sz [’anZQ — niJ%F — UIQDE]

O—sz n; s —UPE]

Show that the quantities belng averaged have expectaifanis the least squares
coefficient vector and? ando?; are the correct values. Do empirical likelihood
confidence regions for these parameters have the correct calibration-aso?
What conditions if any are required en? Now suppose that is fixed and that

n; — oo. Are empirical likelihood regions correctly calibrated? If not, suggest an
alternative formulation of the problem.

Exercise 4.2 For the cancer data, construct the empirical likelihood ratio function
for the slopes3,, using the estimating equatidiy((C; — 5, P;)P;) = 0. Compare

it to the likelihood ratio curve fors; from ordinary linear regression and from
regression through the origin with (0, o) errors.

Exercise 4.3Find a joint distribution forX ¢ R? andY < R, and a vector
B € R4 such thate (|| X [|2(Y — X'3)?) < oo, but at least one af(|| X ||*) = oo
or E(|| X||?Y?) = oo holds.

Exercise 4.4 Consider a regression &f;, on predictorsX; = (1,U;,V;)', i =
1,...,n. Suppose that = 100 and that/gz, Us4, V17, V3s, andVge are missing,
while all other observations are available. In addition to the regression parameter
vector 3 introduce a parameter for each of the missing values. The estimating
equations are still

sz (Vi = X;8) =0,

except that there are now eight parametgts 02, 83, Use, Usa, V17, Vas, Vi2)
for these three estimating equations. Which, if any, of these parameters has a
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unigue NPMLE? Assume that the matrix consisting of all completely observed
X, vectors has full rank.

Exercise 4.5 Consider the ratio
k _ _
1 i (Vi — Y.)?

= k T, X/ .
ﬁ Zi:l Zj:1(Yij - Yi-)2
Suppose that = 2, n; = n, andny = n2. Consider the limit as, — co. Assume
that independent;; ~ F; have meanu;, variances?, and E(Y;}) < co. Show
that F" has ax,, limitif 1, = p2 andof = o3 > 0. What happens if the means
are equal but the variances are not?

Exercise 4.6 Verify that the heteroscedastic regression estimating equdddis
and(4.9)are the likelihood equations for the modél~ N (X', exp(2Z'7)).

Exercise 4.7 Consider these two ways of computing

__exp(z)
m(2) = 1+ exp(z)

= [L+exp(=2)] ",

the squashing function for logistic regression. The IEEE floating point systems
have numbers that represento. As one would expect,/oco = 0 and1/0 = cc.
There is even a reciprocal0 for —oo with —0 equaling0. These systems also
have values NaN that designate “not a number”. A floating point value of NaN
arises from operations like dividingby 0, subtractingso from oo, multiplying 0

by oo or dividing oo by cc.

The first expression for above can produce NaN for finite the second one
should not produce NaN for any € [—oo, occ]. Find two ways of expressing
7/(2) = dr(z)/dz for which one way produces NaNs and the other does not.
Assume thatxp(oco) = oo andexp(—oc) = 0. Find a way of computing” (z) =
d*7(z)/d=? for which NaNs are not produced for anye [—oco, oo].

Exercise 4.8 The specificity of a classifier for predicting thet= 1 is the prob-
ability thatY = 1 given that the classifier predicis = 1. There is commonly

a trade-off between sensitivity and specificity. For a logistic regression predicting
Y = 1whenXg > ¢, the tradeoff is governed by the choice ©fWrite the
estimating equation for the specificity of a logistic regression rule. Is it smooth in
the parameters?
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