
 

CHAPTER 12

Algorithms

This chapter describes how to approach the optimization problems posed by em-
pirical likelihood. The emphasis is on computing the empirical likelihood, for
statistics defined through estimating equations, with nuisance parameters and side
constraints. Much of the discussion carries over to other nonparametric likeli-
hoods.
Several optimization methods are presented. Choosing a method entails some

trade-offs. The Newton-Lagrange algorithm appears to be fastest. A nested search
algorithm is slower but more reliable. The most reliable algorithm tried so far is
sequential quadratic programming, using the NPSOL code (see Chapter 12.7).
It also handles censoring and truncation in a direct way. But NPSOL is slower
than special purpose code could be, because for problems without censoring or
truncation, the Hessian is very sparse and NPSOL does not exploit that sparsity.
Sequential linearization methods appear to be both fast and reliable, but they only
compute an approximation to the desired likelihood. An approach based on range
space methods has the potential to be as reliable as sequential quadratic program-
ming, but much faster.
There is also a choice of which likelihood to use. The empirical likelihood re-

spects range restrictions on parameters and is transformation invariant, but only
provides positive likelihood if0 is in the convex hull ofm(Xi, θ). This convex
hull constraint may be unduly restrictive whenn is small, or the number of param-
eters is large. Alternatives such as the Euclidean likelihood can escape the convex
hull, but do not obey range constraints. The empirical likelihood-t approach from
Chapter 10.4 has some attractive properties, but it has not as yet been thoroughly
explored. Empirical entropy methods do not escape the convex hull, but they do
allow distributions with weight0 on one or more data points to contribute to the
confidence region.
Numerical searches typically require starting values in order to succeed. Usu-

ally the MLE θ̂ corresponds to solving the estimating equations with equal weight
on every observation, and for most statistics of interest we can findθ̂ by some
pre-existing algorithm. The profiles and hypothesis tests of interest are best found
through a sequence of optimization problems starting atθ̂. There can also be a
need to rescale the problem. A cubic regression ofY onX/1000 may succeed
where a cubic regression onX fails. Similarly, a B-spline basis is a better choice
than the truncated power spline basis when one wants a spline.
For this text, it was desired to use exact likelihood computations instead of the
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approximate ones, and NPSOLwas used, except for some problemswith quantiles
that allow special methods. In the author’s experience NPSOL has never failed to
compute the empirical likelihood, if̂θ has been available, though sometimes the
problemmust be rescaled. NPSOL often succeeds withoutθ̂. For smalln it is best
to use NPSOL directly, while for largern, speed considerations lead to the use of
NPSOL in the outer problem of the nested algorithm described in Chapter 12.3.
While NPSOL was reliable without using explicit second derivatives, an algo-
rithm using those derivatives might be faster or might be less sensitive to starting
values and scaling.

12.1 Statistical tasks

The inferential problems to be addressed are testing hypotheses, computing max-
imum empirical likelihood estimates (MELE’s), profiling likelihood ratio func-
tions, and finding confidence sets.
The basic chore in all of these tasks is to maximizeR(F ) =

∑n
i=1 log(nwi)

subject to constraints

wi ≥ 0,
n∑

i=1

wi = 1,

n∑
i=1

wim(Xi, θ, η) = 0,

C(θ, η, γ, δ) = 0.

The second last equation describes the estimating equations, defined in terms of
observationsXi, the parameter vectorθ, and another parameter vectorη not pre-
viously discussed. For autoregressive models described in Chapter 8.2,m also
depends on the indexi, but we suppress that dependence here for simplicity of ex-
position. There are also side constraints onθ andη expressed through the vector-
valued functionC of θ, η, and two new parameter vectorsγ andδ.

It is assumed that the estimating functionm can be differentiated at least once
with respect to the components ofθ, but not necessarily with respect toη. Opti-
mization with respect to components ofθ may then be approached by standard
smooth function optimization methods, but components ofη are either not to be
optimized over, or must be optimized over by other means, such as grid searches.
For example, a tail probability could be a part ofθ, while the corresponding quan-
tile would be part ofη. As a more complicated example, a conditional quantile
may be expressed through

m(X, θ, η) = I(Xη1 = η2)(I(Xη3 ≤ η4) − θ1),

where to avoid deeply nested subscripts,1A has been written asI(A). Condi-
tionally on componentη1 of X ∈ R

d taking the valueη2, componentη3 of X
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has quantileη4 with corresponding tail probabilityθ1. We might optimize overθ1

with η fixed, or optimize overη4 with θ1 and the rest ofη fixed. For a given data
set there may not be a need to optimize overη2, or especially over the indicesη1

andη3.
The functionC describes constraints on the parametersθ andη, introducing

two new parameter vectorsγ andδ. We assume thatC is differentiable at least
once with respect toγ (andθ), but not necessarily with respect toδ (or η). The
reason to keepC separate fromm is that it does not depend onXi. The function
C has to be computed only once wherem has to be computedn times. Ifn is large
or C is expensive, the time saving can be large. An example of a side constraint
is that a linear combination ofθ values takes a particular value:

C =
p∑

j=1

θjγj − γp+1 = 0.

If γp+1 is supposed to be a response variable for observationi then we can use
γ1, . . . , γp andδ1 = i, and encode the constraint as

∑p
j=1 θjγj − Yδ1 .

A hypothesis test may be conducted by solving the problem above with some
part of the list(θ, η, γ, δ) fixed at defining values and the rest of it free to vary.
The same problem arises in computing anMELE. To profile one or moremembers
of the list (θ, η, γ, δ), we conduct a sequence of hypothesis tests, in which some
parameter components are frozen permanently at defining values, others change
as we step through the sequence of hypothesis tests but are fixed in any one test,
while the remainder are optimized over in each hypothesis test.
A confidence region is most easily found by computing a profile, and observing

where the profile likelihood ratio function is above a threshold used for the con-
fidence region. For a confidence interval the problem may also be approached by
alternately maximizing and minimizingθj (or γj) subject to constraints including∑n

i=1 log(nwi) ≥ log(r0).
To compute a univariate profile ofθj , ηj , γj , or δj , we start at the MLE (or

MELE) and solve a sequence of problems in which the parameter increases by
steps. Then we return to the starting point and solve a sequence of problems in
which the parameter decreases in a sequence of steps. The steps continue until
either the desired range is covered, or the likelihood has fallen below a threshold.
Suppose thatθ1 has been profiled by maximizing empirical likelihood withθ1

fixed at valuesθ1(g) for a grid indexed byg = 1, . . . , G. The profile trace contains
the record of concomitant values

(θ(g), η(g), γ(g), δ(g),R(g)), g = 1, . . . , G,

and possibly other quantities of interest, as computed during the optimizations.
For some parametersηj andδj , such as observation component indices, a pro-

file is not statistically meaningful. In other settings a profile can be used to gen-
erate the MLE of a curve. For example, ifθ1 is a tail probability corresponding
to a quantileη1 then profilingη1 generates the empirical CDF in the profile trace
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(θ1(g), η1(g)). Of course, the CDF is easy to compute directly. But if we seek a
CDF subject to some other estimating equation constraints, then computing it by
profiling the quantile is attractive.
A bivariate profile may be computed by a sequence of problems in which the

point (θj , θk) varies over a grid in the plane. The boundaries of this grid may
be chosen after inspecting the two uni-parameter profiles to find the ranges of
interest. It is advantageous to use a grid that contains the MLE(θ̂j , θ̂k), which
we take as the origin of the grid. Starting at the origin, we compute the empirical
likelihood function outward in each of the four axis directions, with the solution
at each grid point supplying starting values for the next one out. For every other
cell in the grid define its predecessor as the cell that is one unit towards the MLE
in the j direction and one unit towards the MLE in thek direction. These other
cells can be visited in any order at all, so long as each cell is visited after its
predecessor has been visited. This iteration allows starting values to be taken from
the predecessors. If we anticipate a unimodal likelihood, then some speed can be
gained by not computing at a cell whose predecessor had a very small likelihood.
The iteration above is how the bivariate profiles for this text were computed.

Profiles of(γj , γk) or (θj , γk) are similar to the ones described above. Profiles
involving statistically meaningful quantitiesηj or δk might be approached this
same way. Having computed the empirical log likelihood on a grid, the resulting
values can be used in contour plots and perspective plots.
Some other strategies may be necessary to follow very twisty or narrow con-

fidence regions, especially those from undetermined parameter vectors. It might
also be faster to find and follow the contours of interest directly.

12.2 Smooth optimization

This section surveys numerical optimization of smooth functions. The texts cited
in the bibliographic notes of Chapter 12.7 provide more detail. Parameters likeη
andδ are assumed to be fixed during any smooth optimization. Accordingly, we
absorbη andδ into the definitions ofm andC.
Basic smooth optimization methods are variations of Newton’s method. They

typically converge to local minima. If, however, the function is known to be con-
vex, then a local minimum is a global one, and if the function is strictly convex,
then a local minimum is the unique global minimum.
Let f(x) be a real-valued function overx ∈ R

p, and suppose thatf is twice
continuously differentiable. The gradient off is

g(x) =
∂

∂x
f(x),

interpreted here as a column vector, and the Hessian off is

H(x) =
∂2

∂x∂x′ f(x),

ap by p matrix of second order partial derivatives off .
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The basic method for optimizingf is Newton’s method. Starting with a value
x0, the Newton iteration takes

xk+1 = xk −H(xk)−1g(xk), k ≥ 0.

To simplify the notation, writeHk = H(xk) andgk = g(xk). The typical be-
havior for Newton’s method is quadratic convergence to a solutionx∞ of the
equationsg(x) = 0, if x0 is close enough tox∞. Quadratic convergence means
that lim supk→∞ ‖xk+1 − x∞‖/‖xk − x∞‖2 ∈ (0,∞). Roughly speaking, the
number of correct bits or digits inxk+1 is twice the number inxk. It is not un-
common for Newton’s method to require only four or five iterations to converge
in double precision.
The simplest version of Newton’s method is not reliable. One problem is that

Newton’s method converges quadratically to a solutionx∞ that could be a local
minimum, a local maximum, or a saddlepoint off . A second problem is that if
Hk is nearly singular, then a very large step can be taken and the algorithm might
never recover.
The simplest usable versions of Newton’s method apply some checks to the

valuexk − H−1
k gk before accepting it asxk+1. A step-halving approach takes

xk+1 = xk+1,r = xk−2−rH−1
k gk wherer is the smallest nonnegative integer for

whichf(xk+1,r) < f(xk). A variant is to takexk+1,r = xk − [Hk +λrDk]−1gk,
whereλr is an increasing sequence of nonnegative numbers, andD is a positive
definite matrix such as the identity or perhaps the diagonal ofHk. This general-
izes the Levenberg-Marquardt method, familiar in nonlinear least squares. Asr
increases, the step[Hk + λrDk]−1gk becomes shorter, and ifD = I it becomes
more nearly parallel to the steepest descent direction−gk.
More sophisticated step reduction approaches insist on a sufficient decrease in

f . The decrease inf must be comparable to that predicted through a quadratic
Taylor approximationf

.= fk + (x − xk)′gk + (x − xk)′Hk(x − xk)/2. If the
decrease is not comparable, then the Taylor approximation is called into question
for the vectorxk+1,r, and a shorter vectorxk+1,r+1is tried.
When the Hessian is expensive to compute or difficult to program, then quasi-

Newton methods are often used. Quasi-Newton methods do not compute the Hes-
sian, but approximate it instead by using the computed values ofgk. If xk+1 is
close toxk thengk+1 − gk is approximatelyH ′

k+1(xk+1 − xk). Starting with an
approximationH0 such as the identity matrix, each new gradient valuegk+1 that
is observed is used to make an update toHk+1 so that

(xk+1 − xk)′H ′
k+1(xk+1 − xk) = (xk+1 − xk)′(gk+1 − gk),

makingHk+1 consistent with the gradient information from stepk + 1.
In some cases the Hessian is simply too large to store, whether exactly or ap-

proximately. If sparse methods are not available, then the method of conjugate
gradients is a candidate.
Constrained optimization is a much deeper topic than unconstrained optimiza-

tion. A brief sketch of the subject is given below. The reader may consult refer-
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ences in Chapter 12.7 for more details. We only consider general smooth nonlin-
ear equality constraints, as these are the kind that arise in most empirical likeli-
hood problems. Special methods exist to exploit simpler cases such as bounds on
parameters or linear constraints. Other specialized methods have been developed
for inequality constraints.
Minimization of f(x) subject to nonlinear equality constraintsc(x) = 0, is

usually organized around the Lagrangian

G(x, λ) = f(x) + λ′c(x).

The constrained optimum is described by valuesx andλ with ∂G/∂x = 0 and
∂G/∂λ = 0. If we knew the Lagrange multiplierλ, then the solution would be a
stationary pointx with ∂G(x, λ)/∂x = 0. The stationary point is not necessarily
a minimum ofG(·, λ).
Augmented Lagrangian methods replaceG byGρ = G + (ρ/2)c(x)′c(x) for

someρ > 0. Some versions use a differentρi for each constraint inc(x). For large
enoughρ, the constrained optimum is a local minimum ofGρ. The augmented
Lagrangian works better than simplistic penalty methods that seek to minimize
Pρ = f(x)+(ρ/2)c(x)′c(x), because these latter requireρ → ∞ and the Hessian
of Pρ becomes badly conditioned for largeρ.
Sequential quadratic programming (SQP) methods may be applied to the aug-

mented Lagrangian function. In SQP, givenλ andρ, the functionGρ(x, λ) is ap-
proximated by a quadratic inx, and the constraintc(x) is approximated as a linear
function inx. A solution is sought minimizing the quadratic function subject to
linear constraints.
Practical implementations of SQPmust havemeans for detecting defective sub-

problems, such as those that are unbounded below due to an indefinite Hessian.
Augmented Lagrangian methods must also have methods for updatingρ andλ.
The convergence rate forx is limited by that ofλ.

The NPSOL software uses sequential quadratic programming with an aug-
mented Lagrangian. The user of the code needs to provide starting values, rou-
tines to computef andc, and ideally, routines to compute gradients off andc
with respect tox.

12.3 Estimating equation methods

Here we consider optimization of empirical likelihood subject to a constraint fix-
ing some but not all of the parameters in the estimating equation. This formulation
is the most commonly used one in this text. The parameters that are free to vary
in the optimization may be nuisance parameters that had to be introduced in order
to define the parameters of interest. Other times all the parameters are of interest,
but each one becomes free to vary when one or more others are being profiled.
Suppose that the data areXi ∈ R

d, for i = 1, . . . , n. Suppose that the esti-
mating equation of interest isE(m(X, θ, ν)) = 0. The nonsmooth parameterη
from Chapter 12.1 has been absorbed into the definition ofm. The parameterθ
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from there has been split into two pieces. The parameters fixed for the inference
have remained inθ ∈ R

p, while the freely varying parameters are now taken to
be components ofν ∈ R

q. Assume thatm(X, θ, ν) ∈ R
p+q.

We wish to compute

R(θ) = max
ν

R(θ, ν).

where

R(θ, ν) = max

{
n∏

i=1

nwi |
n∑

i=1

wim(Xi, θ, ν) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

The value ofR(θ, ν) can be found by solving the numerical problem for simple
hypotheses, by iterated least squares as described in Chapter 3.14. The convex
dual representation from that chapter allows us to write

logR(θ) = max
ν

min
λ

L�(λ, θ, ν), (12.1)

where

L�(λ, θ, ν) = −
n∑

i=1

log�(1 + λ′m(Xi, θ, ν)), (12.2)

and

log� (z) =
{

log (z) , if z ≥ ε
log (ε) − 1.5 + 2z/ε− z2/(2ε2), if z ≤ ε,

(12.3)

for some smallε > 0.
The point of replacinglog by log� is that it frees us from imposing the con-

straintswi ≥ 0. The functionL is twice continuously differentiable inλ, and for
eachν, it is convex inλ. If we know thatmaxi nwi ≤ A at the solution, then we
can chooseε = A−1 and get the same solution usinglog� without constraints onλ
as wewould get usinglogwith constraintswi = (1/n)(1+λ′m(Xi, θ, ν))−1 ≥ 0.
In Chapter 3.14 we usedε = 1/n, becausewi ≤ 1 at the solution. Larger values
of ε might improve the condition of the Hessian with respect toλ of L�, without
affecting the asymptotic validity of the empirical likelihood inferences. See the
discussion around equation(3.39).
A nested algorithm uses a literal interpretation of the maximin formulation

(12.1). The inner stage is to minimizeL�(λ, θ, ν) over λ for fixed values ofθ
andν. Letλ(θ, ν) be the minimizing value ofλ. The outer stage is to maximize

M� (ν, θ) ≡ L�(λ(θ, ν), θ, ν)

overν. The parameterθ remains fixed.
At the inner stage of the nested algorithm we may required the first and second

partial derivatives:

L
λ
� ≡ ∂

∂λ
L� and L

λλ
� ≡ ∂2

∂λ∂λ′L�.
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At the outer stage, we may need

M
ν
� (ν, θ) =

∂

∂ν
L�(λ(θ, ν), θ, ν), and

M
νν
� (ν, θ) =

∂2

∂ν∂ν′ L�(λ(θ, ν), θ, ν).

Expressions for all of these partial derivatives are given in Chapter 12.4.
IdeallyM

νν
� should be negative definite, or at least negative semidefinite. This

indeed holds for large enoughn, well-posed estimating equations, and values of
ν andθ that are not extreme. ButM� can fail to have a negative definite Hessian
in practice. The outer optimization in the nested algorithm is more difficult than
the inner one because of this feature.
Sophisticated optimization code takes account of the possibility that the Hes-

sian might not be definite. For minimization problems, such as minimizing−M�,
the target function should have positive curvature along all linear paths. Direc-
tions of negative curvature tend to be promising because they may lead further
downhill. For empirical likelihood problems we do not have to worry about the
objective function−M� being unbounded below, so the situation is simpler than
for some other optimization problems.
Figure12.1 illustrates thisproblem. Theexample is taken fromHuber’s robust

location and scale estimator as applied to the passage time of light data in Chap-
ter 3.12. Suppose thatθ is the scale parameter andν is the location parameter. As
θ is reduced from the MLE it becomes harder to find the optimizingν. Imagine a
hiker starting at theMLE in Figure 12.1 on ahill with contours equal to the em-
pirical likelihood function. In each step in the profiling ofθ, the hiker is instructed
to step one meter south, and then move to the highest point possible on the present
line of latitude. At first there is a local maximum inν at eachθ. The hiker can
follow a ridge. Eventually, however, the hiker encounters aθ for which there is a
local minimum ofν between two local maxima corresponding to two ridges.
The profile trace in Figure 12.1 was found by NPSOL. For small values of

the scale parameterθ there are two ridges inν. NPSOL found the higher ridge,
though perhaps it overstepped before finding it. The ideal path may be one where
the profile traceν(θ) has a discontinuity in it. For very small values ofθ there are
a great many ridges, but these correspond to exceedingly smallR values that are
not in any reasonable confidence set.
The expression(12.5) for M

νν
� is a sum of two terms, one negative definite,

and one not. For problems of maximizing a Gaussian log likelihood for nonlinear
least squares, a similar phenomenon occurs. The Gauss-Newton algorithm for
nonnegative least squares simply uses the definite term and ignores the other one.
A similar algorithm may improve the outer loop in the nested algorithm, but there
will still be a difficulty if the gradientMν

� is zero at a non-optimal value ofν. For
this reason, a sophisticated algorithm like NPSOL is recommended for the outer
optimization.

©2001 CRC Press LLC



 

Location

Lo
g 

sc
al

e

-10 0 10 20 30

-1
0

1
2

3

Figure 12.1The contours are for the empirical likelihood ofµ andlog σ for Huber’s robust
location andscale estimates applied to the passage time of light data. This example was
discussed in Chapter 3.12. Contour levels correspond to logR(µ, σ) from−1 to−7 by
steps of−1. The solid point is at(µ̂, log σ̂). The dotted path contains points of the form
(µ(σ), logσ) whereµ(σ0) maximizes empirical likelihood subject toσ = σ0.

A non-nested approach is to solve the equations(
L

λ
�

L
ν
�

)
= 0 ∈ R

p+q

jointly for λ andν. HereL
ν
� is the partial derivative ofL� with respect toν, given

in Chapter 12.4.
The Newton-Lagrange algorithm is to apply Newton’s method for solving these

equations. This algorithm will converge quadratically, if started close enough to
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the solution. The advantage in this approach is that it can be faster than a nested
method. A nested method may expend a lot of effort optimizingλ for values of
ν that are not nearly optimal. When quadratic convergence holds, it is typical to
require4 or 5 iterations of a non-nested algorithm. By comparison, a nested al-
gorithm would require4 or 5 outer iterations and16 to 25 inner iterations. The
speed advantage is smaller than this argument would suggest because the estimat-
ing equationsm(Xi, θ, ν) and their derivatives do not need to be recomputed at
each inner iteration.
The Hessian matrix for this Newton-Lagrange approach is(

L
λλ
� L

λν
�

L
νλ
� L

νν
�

)
,

once again using partial derivatives from Chapter 12.4.
Step reduction for the Newton-Lagrange method is quite difficult. It is harder to

measure progress towards a constrained optimum than towards an unconstrained
one. A step that improves the objective function might also increase the violation
of one or more constraints. A hybrid algorithm can give good results. The hybrid
starts with Newton-like methods to solve the equations above, and then if the
problem appears ill conditioned, it switches over to the nested algorithm.

12.4 Partial derivatives

Here we present the partial derivatives required by the optimization algorithms of
Chapter 12.3 withL�(λ, θ, ν) defined at(12.2). Some optimization software does
not require second derivatives. The second derivatives have more complicated
expressions than the first derivatives. They are presented here because analytic
second derivatives can lead to more reliable optimization.
The partial derivatives ofL�(λ, θ, ν) require derivatives of the functionlog∗(z).

The first two derivatives oflog∗(z) are

log(1)
� (z) =

d

dz
log�(z) =

{
1/z, if z ≥ ε
2/ε− z/ε2, if z ≤ ε,

and

log(2)
� (z) =

d2

dz2
log�(z) =

{ −1/z2, if z ≥ ε
−1/ε2, if z ≤ ε.

Forwi ≤ ε−1/n, we havezi = 1 + λ′m(Xi, θ, ν) ≥ ε/n, and

log(1)
� (zi) = nwi

log(2)
� (zi) = − (nwi)

2
.

To make some expressions shorter and more intuitive we defineŵi = ŵi(θ, ν)
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andw̃i = w̃i(θ, ν) through

log(1)
� (1 + λ′m(Xi, θ, ν)) = nŵi (12.4)

log(2)
� (1 + λ′m(Xi, θ, ν)) = −(nw̃i)2.

Ordinarilywi ≤ ε−1/n, and thenŵi = w̃i = wi.
The partial derivatives ofL� that we need are:

L
λ
� =

∂

∂λ
L�(λ, θ, ν), L

λλ
� =

∂2

∂λ∂λ′ L�(λ, θ, ν),

L
ν
� =

∂

∂ν
L�(λ, θ, ν), L

νν
� =

∂2

∂ν∂ν′ L�(λ, θ, ν),

and

L
νλ
� =

∂2

∂λ∂ν′ L�(λ, θ, ν).

These are of dimensionp, p × p, q, q × q, andq × p, respectively. Of course,
L

λν
� is the transpose ofLνλ

� . By straightforward calculus,

L
λ
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))m(Xi, θ, ν)

= −
n∑

i=1

nŵim(Xi, θ, ν)

and

L
λλ
� = −

n∑
i=1

log(2)
� (1 + λ′m(Xi, θ, ν))m(Xi, θ, ν)m(Xi, θ, ν)′

=
n∑

i=1

(nw̃i)
2
m(Xi, θ, ν)m(Xi, θ, ν)′.

This Hessian is positive semidefinite and grows proportionally ton, assuming
that w̃i is roughly1/n. It is typical for the curvature in a parametric log likeli-
hood ratio to grow proportionally ton. Hereλ is a Lagrange multiplier and does
not correspond to a tangible parameter of the data distribution. It is however the
parameter in the dual likelihood. The fact that the curvature grows proportion-
ally to n is a consequence of the scaling chosen when the problem was set up in
equation(3.32).
For derivatives with respect toν we introduce the(p + q) × q matrix

mν(Xi, θ, ν) =
∂

∂ν
m(Xi, θ, ν)

of partial derivatives of thep + q estimating equations with respect to theq free
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parameters. Now

L
ν
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)′λ

= −
n∑

i=1

nŵimν(Xi, θ, ν)′λ,

and

L
νλ
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)

−
n∑

i=1

log(2)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)′λm(Xi, θ, ν)′

= −
n∑

i=1

nŵimν(Xi, θ, ν)

+
n∑

i=1

(nw̃i)
2
mν(Xi, θ, ν)′λm(Xi, θ, ν)′.

Differentiating twice with respect toν requires second derivatives ofm with
respect toν. There is a(p+q)×q×q array of such derivatives. To keep within the
usual matrix notation, we introduce an indexj = 1, . . . , p + q for the estimating
equations. That is,

λ′m(Xi, θ, ν) =
p+q∑
j=1

λjm
j(Xi, θ, ν).

Introduce

mj
ν ≡ ∂

∂ν
mj(Xi, θ, ν), mj

νν ≡ ∂2

∂ν∂ν′m
j(Xi, θ, ν),

of dimensionsq andq × q, respectively. Now

L
νν
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))

p+q∑
j=1

mj
νν(Xi, θ, ν)

−
n∑

i=1

log(2)
� (1 + λ′m (Xi, θ, ν))

(
p+q∑
j=1

λjm
j
ν

)(
p+q∑
j=1

λjm
j
ν

)′

= −
n∑

i=1

nŵi

p+q∑
j=1

λjm
j
νν(Xi, θ, ν)

+
n∑

i=1

(nw̃i)
2
m′

νλλ
′mν .

©2001 CRC Press LLC



 

Next we develop expressions for the derivatives ofM�. We need

∂λ

∂ν
=

∂

∂ν
λ(θ, ν),

a (p + q) × q matrix of partial derivatives. The chain rule gives

M
ν
� (ν, θ) =

(
∂λ

∂ν

)′
L

λ
� + L

ν
� = L

ν
� ,

becauseLλ
� = 0 at the minimizerλ(θ, ν). Similarly,

M
νν
� (ν, θ) =

(
∂λ

∂ν

)′
L

λλ
�

(
∂λ

∂ν

)
+ 2

(
∂λ

∂ν

)′
L

λν
� + L

νν
� .

From a local quadratic approximation toL� we may find that

∂λ

∂ν
= − (

L
λλ
�

)−1
L

λν
� ,

so that

M
νν
� (ν, θ) = L

νν
� − L

νλ
�

(
L

λλ
�

)−1
L

λν
� . (12.5)

Optimization overν is easier ifMνν
� is negative definite. The second term in

(12.5) is negative semidefinite, but the first termLνν
� might not be. Forλ =

Op(n−1/2) andnŵi andnw̃i both near1, we expectLνν
� = Op(n−1/2), and

L
νλ
� = L

λλ
� = O(n). ThenM

νν
� isO(n) and dominated by a negative semidefi-

nite term.

12.5 Primal problem

The primal problem is to maximize
∑n

i=1 log(nwi), subject to the constraints
wi ≥ 0,

∑n
i=1 wi = 1, and

∑n
i=1 wim(Xi, θ, ν) = 0, without first encoding then

dimensional vector of weights through a Lagrangemultiplier. The free variables in
the primal problem areui = nwi, i = 1, . . . , n, andν ∈ R

q. We work withui =
nwi because they are of order1 asn increases. As with the dual problem, we can
replacelog(ui) by log�(ui) instead of or in addition to imposing the constraints
ui ≥ 0. The Lagrangian is

P�(u, θ, ν, λ, γ) =
n∑

i=1

log�(ui) + λ′
n∑

i=1

uim(Xi, θ, ν) + γ

( n∑
i=1

ui − n

)
,

for u ∈ R
n, λ ∈ R

r, with r = p + q, θ ∈ R
p fixed, ν ∈ R

q, andγ ∈ R. Now
instead of expressingui in terms ofλ, we work directly withn + r + q + 1 free
variables inu, λ, ν, andγ.
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The gradient and Hessian may be written in obvious notation as
P

u
�

P
λ
�

P
ν
�

P
γ
�

 and


P

uu
� P

uλ
� P

uν
� P

uγ
�

P
λu
� P

λλ
� P

λν
� P

λγ
�

P
νu
� P

νλ
� P

νν
� P

νγ
�

P
γu
� P

γλ
� P

γν
� P

γγ
�


of dimensions

n× 1
r × 1
q × 1
1 × 1

 and


n× n n× r n× q n× 1
r × n r × r r × q r × 1
q × n q × r q × q q × 1
1 × n 1 × r 1 × q 1 × 1

 .

In most problemsn is much larger thanr + q + 1, and so the componentsPuu
�

comprise most of the Hessian.
The derivatives with respect toui are

∂

∂ui
P� = log(1)

� (ui) + λ′m(Xi, θ, ν) + γ

= −ûi + λ′m (Xi, θ, ν) + γ,

whereûi = nŵi, defined at(12.4), and

∂2

∂ui∂uj
P� = log(2)

� (ui)1i=j = −ũ2
i 1i=j ,

whereũi = nw̃i, also defined at(12.4). Notice particularly that then bynHessian
matrixP

uu
� is diagonal and negative definite. Therefore, the Hessian ofP� is very

sparse whenn 
 q + r + 1.
The derivatives with respect toλ are

P
λ
� =

n∑
i=1

uim(Xi, θ, ν) and P
λλ
� = 0.

The derivatives with respect toν are

P
ν
� =

(
n∑

i=1

uimν(Xi, θ, ν)′
)

λ

and

P
νν
� =

n∑
i=1

ui

p+q∑
j=1

λjm
j
νν(Xi, θ, ν).

The derivatives with respect toγ are

P
γ
� =

n∑
i=1

ui − n and P
γγ
� = 0.
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The cross partial derivativesPλγ
� , andP

νγ
� are zero. Also

P
uγ
� =


1
1
...
1

 , P
uλ
� =


m(X1, θ, ν)′

m(X2, θ, ν)′
...

m(Xn, θ, ν)′

 , P
uν
� =


λ′mν(X1, θ, ν)
λ′mν(X2, θ, ν)

...
λ′mν(Xn, θ, ν)

 ,

and finally,

P
λν
� =

n∑
i=1

uimν(Xi, θ, ν).

The disadvantage of the primal formulation is that it requires a much larger
Hessian matrix. Direct approaches based on computing and solving this matrix
requireO(n3) time per iteration andO(n2) storage. Methods that exploit sparsity
can remove both issues at the expense of some additional algorithmic complexity.
The primal formulation has the advantage of simpler expressions for required

partial derivatives. It may also be possible for a primal problem to find a path
through the space ofui variables that goes around some difficult point in the
space ofν andλ values.
The Hessian in the primal formulation is sparse because the upper leftn by n

submatrix in it is diagonal. Partition the Hessian ofP� as(
P

uu
� P

uv
�

P
vu
� P

vv
�

)
,

wherev denotes the variables other thanu, namelyλ, ν, andγ. Similarly, letPv
�

contain the gradient ofP� with respect to all variables other thanu. Then the
Newton step solves(

P
uu
� P

uv
�

P
vu
� P

vv
�

) (
u
v

)
= −

(
P

u
�

P
v
�

)
for vectorsu andv. BecausePuu

� is diagonal, it is advantageous to rewrite the first
row as

P
uu
� u = − (Pu

� + P
uv
� v) .

Thus, oncev is found, it is easy to findu. To findv, write out the second row of
equations, and substitute foru, obtaining(

P
vv
� − P

vu
� (Puu

� )−1
P

uv
�

)
v = −

(
P

v
� − P

vu
� (Puu

� )−1
P

u
�

)
.

The equations to solve forv are not usually sparse, but there are onlyq + r + 1 =
p + 2q + 1 of them. This approach to factoring sparse Hessians is known as the
range space technique. Of course, step reduction strategies are required, as is a
merit function trading off likelihood optimization and constraint satisfaction.
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12.6 Sequential linearization

Since the optimization problem for a mean is so simple, a strategy based on ap-
proximating the statistic of interest by a mean can be effective. This approach
is available for statistics not conveniently expressed in terms of estimating equa-
tions, such asU -statistics. Let us suppose that a statisticθ is defined through a
functionθ = T (F ), for the distributionF putting weightwi on observationXi.
We will suppose at first that any process for maximizing over nuisance parameters
is embedded intoT (F ). We will use the same symbolT to denote the function of
w1, . . . , wn defined by

T (w1, . . . , wn) ≡ T

(
n∑

i=1

wiδXi

)
.

The NPMLE isθ̂ = T (F̂ ). Suppose thatT is smooth, so that we may write

T (w1, . . . , wn) .= θ̂ +
n∑

i=1

wiTi(F̂ ),

where

Ti(F ) = lim
ε→0

T ((1 − ε)F + εδXi
) − T (F )

ε
(12.6)

measures the effect of small increases in the weightwi.
With linearization, we write

RL(θ) = max

{
n∏

i=1

nwi |
n∑

i=1

wi

(
θ̂ + Ti(F̂ ) − θ

)
= 0, wi ≥ 0,

n∑
i=1

wi = 1

}
.

This linearized profile empirical likelihood ratio function can be computed using
the algorithm for the vector mean described in Chapter 3.14. Empirical likelihood
inferences based on profilingRL(θ) use the sameTi(F̂ ) quantities as are used
in the infinitesimal jackknife (IJ) described in Chapter 9.9. The difference is that
the IJ simply uses them to construct a variance estimate. Turning the IJ variance
estimate into a confidence ellipsoid amounts to using the Euclidean likelihood for
the mean ofTi(F̂ ).

Having computed the optimizingwi we can evaluateT (w1, . . . , wn). In gen-
eralT (w1, . . . , wn) �= θ, because the linearization was only an approximation.
We can however re-linearize around these valueswi and repeat the process. Sup-
pose thatw(k)

i are the weights afterk linearizations have been done, starting with

w
(0)
i = 1/n. The weightsw(k+1)

i are found bymaximizing
∏n

i=1 nw
(k+1)
i subject
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to

0 =
n∑
i=1

w
(k+1)
i

(
θ̂k + Ti(F̂ (k)) − θ

)
,

0 ≤ w
(k+1)
i , and

1 =
n∑
i=1

w
(k+1)
i ,

whereF̂ (k) uses weightsw(k)
i , and θ̂k = T (F̂ (k)). The resulting maximum is

denoted byRL,k+1(θ).
It is tempting to useRL,∞(θ) = limk→∞ RL,k(θ), but very often the sequence

does not converge, especially for values ofθ far from θ̂. Fortunately, good results
can be obtained from a fixed numberk of iterations. Letϕ ∈ R

p be a fixed
vector and defineϕn = n−1/2ϕ. Then, under smoothness conditions, including
existence ofk + 2 continuous derivatives forT (w1, . . . , wn),

−2 logRL,k(θ0 + ϕn) = −2 logR(θ0 + ϕn)(1 + Op(n−k/2)), (12.7)

whereθ0 is the true value ofθ. The two log likelihood ratios agree within a relative
error ofOp(n−k/2) , over the region where the likelihood is not negligible. For
k ≥ 1, there is an asymptoticχ2 calibration for−2 logRL,k(θ0). Whenk ≥
2, the result is qualitatively different from the simple linearization used in the
infinitesimal jackknife. When the empirical likelihood is Bartlett correctable, then
so isRL,k for k ≥ 4. See Chapter 12.7.
Now consider the problem of finding the derivativesTi(F ). WhenF has an

explicit representation in terms ofwi, it may be possible to computeTi(F ) by an-
alytic differentiation. Otherwise, divided differences of the form (12.6) for small
ε > 0may be used. This requiresn+1 function evaluations per iteration, or fewer
if there are ties among theXi. A central divided difference approximation

Ti(F ) .=
T ((1 + εi)F − εiδXi

) − T ((1 − εi)F + εiδXi
)

2εi
, (12.8)

should provide more accurateTi at the expense of nearly doubling the cost of dif-
ferentiation. IfT is not defined for negative observation weights, then we require
εi < (1 − F ({Xi}))−1F ({Xi}) in order to use (12.8).
For some complicated statistics,T (F ) is only available for weightswi =

ni/N , whereni are integers andN =
∑n
i=1 ni. This corresponds to making

an artificial data set in which observationXi appearsni times. At least fork = 0
it is straightforward to findTi(F (k)). One can defineTi using equation(12.6)with
ε = −1/n, or with ε = 1/(n + 1), by deleting observationXi, or by including
it twice, respectively. Fork ≥ 1, the distributionF̂ (k) may not correspond to one
with an integerni copies ofXi, and a large value ofN may be required for a
good approximation.
Now consider applying linearization to a statisticθ ∈ R

p, defined through
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estimating equations involving a nuisance parameterν ∈ R
q. Let θ(w1, . . . , wn)

andν(w1, . . . , wn) be jointly defined by

n∑
i=1

wim(Xi, θ, ν) = 0,

wherem(X, θ, ν) is continuously differentiable in(θ, ν). The linearization ofθ
aboutwk = (wk1 , . . . , wkn) is written

θ(w) .= θ(wk) +
n∑
i=1

wiTi(wk),

with (12.6)expressed in weight notation as

Tj(wk) = lim
ε→0

T ((1 − ε)wk + εδXj
) − T (wk)

ε
.

Letwk,εi = (1−ε)wki +ε1i=j , and letθε andνε be defined through these weights.
Letmθ andmν be the(p + q) × p and(p + q) × q matrices of partial derivatives
ofm with respect toθ andν. Then, ignoring terms of orderε2 and higher,

0 =
n∑
i=1

wk,εi m(Xi, θε, νε)

.=
n∑
i=1

wk,εi

[
m(Xi, θ, ν) +

(
mθ(Xi, θ, ν) mν(Xi, θ, ν)

)(
θε − θ
νε − ν

)]
.= εm(Xj , θ, ν) +

[
n∑
i=1

wki
(

mθ(Xi, θ, ν) mν(Xi, θ, ν)
)] (

θε − θ
νε − ν

)
,

from which (
Tj(wk)
Nj(wk)

)
= −J(wk)−1m(Xj , θ, ν), (12.9)

where

J(wk) =
n∑
i=1

wki
(

mθ(Xi, θ, ν) mν(Xi, θ, ν)
)

(12.10)

andNj(wk) is the linearization term forν, which we need not compute. Notice
that thematrixJ in (12.10) does not depend onj. Thus it only needs to be factored
once for each set ofwki . The matrix is invertible under the assumption that the
estimating equations defineθ andν.
For parameters defined through estimating equations with nuisance parameters,

sequential linearization can be carried out for some numberk of iterations as
described above. The linearization (12.9) is recomputed at each iteration.
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12.7 Bibliographic notes

Standard references on numerical optimization include Gill et al. (1981) and
Fletcher (1987). Gill et al. (1981) include a very comprehensive discussion of con-
strained optimization. NPSOL is described in Gill, Murray, Saunders & Wright
(1999). Coleman (1984) describes large sparse optimization problems, including
range space methods.
Owen (1990b) describes how to compute empirical likelihood for a vector

mean, corresponding to the inner loop of the nested algorithm. See Chapter 3.14.
The nested algorithm was presented in Owen (1990a). and Owen (1990b) New-
ton’s method was proposed by Hall & La Scala (1990). The primal problem was
solved using NPSOL by Owen (1991), for regression problems, and by Kolaczyk
(1994), for generalized linear models. Computation of profile empirical likelihood
ratios for constraints was discussed in Owen (1992). Owen (1990b) reports that
iterated linearizations can fail to converge. Wood et al. (1996) consider lineariza-
tion inferences and were the first to point out the value of stopping after a fixed
number of iterations. Equation (12.7) isbased onatheorem inWoodet al. (1996).
Semi-infinite programming is a technique for handling optimizations with an

infinite number of constraints, only a finite number of which are binding. Les-
perance & Kalbfleisch (1992), use semi-infinite programming on a nonparametric
likelihood ratio problem arising from mixture sampling.
Owen (1988a) describes an approach to profiling a pair of parameters by fol-

lowing a spiral path along a grid of points, starting at the MLE. Bates & Watts
(1988) describe an approach to profiling a sum of squares function in a parame-
ter (θ1, θ2) ∈ R

2 using profile traces. The two profile traces intersect a desired
contour at four points. The contour is also normal to the profile trace at the in-
tersections. Thus the traces provide eight pieces of information on the desired
contour, four locations and four slopes. They use a spline that agrees with these
eight pieces of information.
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