CHAPTER 11

Some proofs

This chapter contains some of the proofs of the empirical likelihood theorems.
The arguments presented here are more difficult than the proofs that appear through-
out the text. For the most advanced material the reader is referred to the published
literature, as outlined in Chapter 13.

11.1 Lemmas

This section presents some lemmas needed to prove the ELT’s. They are used to
handle some technical details showing that the Lagrange multipligasymp-
totically small, and to show that higher order terms in some Taylor series can be
neglected.

A distribution with nondegenerate variance matrix®h cannot put all of its
probability on a half space defined as one side of a hyperplane through its mean. A
stronger conclusion is that , for any distribution, there is seme0 that provides
a uniform lower bound on the probability of all possible half-spaces defined by
hyperplanes through the mean.

Lemma 11.1 Let Fy be a distribution onR? with meany, and finite variance
matrix V; of full rank p. Let© be the set of unit vectors iRP. Then forX ~ Fj

. !
Glg(gPr ((X — po) 60 >0) > 0.

Proof. Without loss of generality take, = 0. Suppose that the infimum above is
0. Then there exists a sequert;esuch thatr(X’6,, > 0) < 1/n. By compact-
ness ofd there is a convergent subsequefite— 6*. Let H = {X | X'6* > 0}.
Thenlxg: o — lxg=>0 holds at anyX € H. Now by Lebesgue’s dominated
convergence theorem

Pr(X'0* >0) = / Lx/g+>0dFo (X)
H

= lim 1X/9’:1>0dF0 (X)

n—oo H

< lim Pr(X'6; > 0)

=0.

Since X'0* has mean zero we must also hdg X’'6* < 0) = 0 from which
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X'0* = 0 with probability 1. ThenVar(X'6*) = 0 contradicting the assumption
onlVy,. O

The next lemma shows that for random variables with a finite variance, the
largest value in a sample of sizecannot grow to infinity as fast as'/2.

Lemma 11.2 Let Y; be independent random variables with a common distribu-
tion andE(Y?) < co. LetZ,, = maxi<;<n |Y;|. ThenZz, = o(nl/z).

Proof. Since E(Y?) < oo, we have}_"  Pr(Y? > n) < oc. Therefore, by
the Borel-Cantelli lemma there is probabilitythat |Y,,| > n'/? happens only
for finitely manyn. This implies that there are only finitely mamyfor which
Z,, > n'/?. A similar argument shows that for any > 0, there are only finitely
manyn for which Z,, > An'/2, and hence

lim sup Znn_l/2 <A

n—oo

holds with probabilityl. The probabilityl applies simultaneously over any count-
able set of values fod s0 Z,, = o(n'/?). O

Similarly, a finite variance bounds how fast a sample third moment can diverge
to infinity.

Lemma 11.3 LetY; be independent random variables with common distribution
and suppose that(Y;?) < co. Then

IR 13 _ 1/2
gZ|Yz| =o(n'’7).
=1
Proof. Write

1 n . Zn n )
_ |3 < 21 }
n Z Yl < n Z Yi
=1 i=1
whereZ,, = maxj<i<p |Y;|. The resut follows by Lemma 112 applied to Z,,

and the strong law of large numbers applied to the averay of []

The next lemma shows how quickly the probability that the maximum obser-
vation exceeds'/? decreases to zero with increasing

Lemma 11.4 LetY; be independent random variables with common distribution
and suppose thak(|Y;|?) < oo. DefineZ,, = max;<,<,|Y;| and let4 > 0.
Then

Pr(Z, > An'/?) = O(n=1/?).
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Proof.

n'/? Pr (Zn > An1/2) <n®?Pr (|Y1| > Anl/z)
< n3/2E (|Y1|3) /(An1/2)3
= ATE(NP)

< 0.

O

11.2 Univariate and Vector ELT

Theunivariae ELT, Theoran 2.2 isaspecidcas of thevecta ELT, Theoren 3.2,
correspondig to dimension d = 1. In this section we prove Theoren 3.2 of
Chapter 3.

The Lagrange multiplien plays a key role in the proof. The proof goes in
stages. First we show that= O, (n~'/2). Then, knowing\ = O,(n~'/2), we
show that\ = S~(X — o) +0,(n~'/2), for a certain sample covariance matrix
S. Plugging this expression for into the profile empirical log likelihood ratio
statistic, applying a central limit theorem, and verifying that some other terms are
negligible completes the proof.

Prodf. [Proof of Theoren 3.2, Vecta ELT] Without loss of generaliy ¢ = p.
Otherwise we can replace; by a subset af components having a variance of full
rank. Convexity ofC,. ,, follows easily by the same argument used in Chapter 2 to
show that confidence regions for the univariate mean are intervals.
Let © denoethe sd of unit vectosin RP. By Lemma11.1

inf Fy ({0'(X — .

jnf Fo ({0(X — no) > 0}) >0
By a version of the Glivenko-Cantelli theorem for uniform convergence over half
spaces

sup [Fo({0"(X — o) > 0}) — F({0'(X — po) > 0})] — 0
with probability 1 asn — oo. It follows that with probability tending ta that the
meanyy is inside the convex hull okX’;.

When the mean is inside the convex hull of thg, then there is a unique
set of weightsw; > 0 with Y1 jw;, = 1 and) ., w;(X; — po) = 0 for
which[T?_, nw; is maximized. By the arguments in Chapter 3 these maximizing
weights may be written

1 1
u}Z_’nl-I—)\/()(i—/1,())7
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where the vectoh = \(uo) € RP satisfiegp equations given by

n

_ ]. Xi—/J,O .

The next step is to bound the magnitude\ot.et A = ||A||0 whered € O is a
unit vector. Introduce

Y, = )\/(Xz — M()), and Z; = max ||Xz — /J,QH .

1<i<n

Substitutingl /(1 +Y;) = 1 — Y; /(1 4+ Y;) into #'g(\) = 0 and simplifying, we
find that

IA16"S6 = (X — po) (11.2)
where
= 1K (X — po) (X — o)
§= E; ( “fzfyi o) (11.3)
Let
S = % 3 (Xi — p0) (X — po)".

Everyw; > 0, sol + Y; > 0 and therefore
INI[656 < ||\ 9'S6(1 + maxY;)
< IN6'S6(1+ [\ Z;)
=0'(X — o) (1 + [N Z3),
by (11.2) and so
A (0°56 — Z360"(X — o)) < 0'(X — po).

Now o1 + 0,(1) > 0'S0 > o, + 0,(1), where o, > o, > 0 are the largest
and smallest eigenvalues Whr(X;). Also by Lemma11.2 Z* = o(n'/?). The
central limit theorem applied to the vect&r — y implies thatd’ (X — o) =
O, (n~1/2). It follows that

IN (6'56 + 0,(1)) = Op(n~1/2),

and hence
1Al = Op(n1/2).
Having establishd an orde bourd for || A||, we hawe from Lemma 112 that
max |V;| = O,(n~?)o(n'/?) = 0,(1). (11.4)

1<i<n
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Now

n

0= =S (Xi — o) (1 = Yit ¥2/(1 - )

¥ 1 ¢ (Xz ,UO)Yz'2
=X — o SA+n; v (11.5)

The final term in (11.5) above has a norm bounded by

1 — _ _ _
EZI\Xi—MoH?’IIAIFIl—EI L= 0(n'/?)0,(n"1)0,(1) = 0p(n~/?),
i=1

using Lemma 11.1 from which we find
A=85"HX —po) + 5,
where
B =o0,(n"112).
By (11.4) we may write

1
log(1+Y;)=Y; — in +m,
where for some finitd3 > 0
Pr(lni| < BlYi>, 1<i<n)—1,

asn — oo.
Now we may write

—210g R (po) = =2 _ log(nw;)
i=1

= 2210g(1 +Y5)
i=1

ZQZn:Yz'*Xn:YiQJFQZn:m
i=1 i=1 i=1

=20\ (X — pg) — nN S + ZZm

i=1

=n(X — p0)S X — o) —nB' ST+ 22172».
i=1

In the limit asn — oo,
n(X = p0)S X — po) = X
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in distribution,
nf'S™Ip = nop("’71/2)01)(1)017(”71/2) = 0p(1),

and

n
D>
i=1

Therefore—2log R (o) — x{, in distribution. [J

3 2 —
< BA| Z [ Xi — poll” = Op(n 3/2)017(”3/2) = o0p(1).
i=1

11.3 Triangular array ELT

In this section we prove Theoren 4.1 of Chapte 4.3. The prooffollows the same
lines as the proof of the Vector ELT in Chapter 11.2.

Proof. [Proof of Theoren 4.1, Triangula Array ELT] Without loss of generality
we may takeu,, = 0 andoy, = 1, and then seek the asymptotic distribution of
—2log R(0). This is equivalent to reformulating the problem W&tﬁnlm(Zm —
1y) In place ofZ;,. To simplify the notation, we drop the second subscript
usingz; for Z;,,. Let

n

]
Vo = E;ZZZ{'

By assumption(4.4) we may assume that the convex hull &f contains the
origin. It then follows by Lagrange multiplier arguments that

n 1
RO) =115 +NZ;
i=1

whereX = \(0) is uniquely determined by

n

Z;
Zlﬂ/zi =0

=1
Write A = ||\||0 where§’d = 1. Let
Y;=MNZ;, and Z*= max ||Z.
1<i<n
By an argument used in the proof of the Vector ELT, we obtain
Bl (9’179 - Z;@’Z) <07z
From assumptiof¢.5) the variance of each entry Ir}, tends to zero and so by

Chebychev’s inequality,, — V,, = o0,(1). Then by assumptio4.6)onV,,, we
obtain

c+0,(1) SOVO <1+ 0,(1),
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wherec > ( is the constant in that assumption.

Assumption(4.5)also implies thatZ’ = o(n!/?), which in turn implies Linde-
berg’s condition forZ;. The central limit theorem applied to the vectdimplies
thatd’Z = O,(n~1/2). It follows that

INI(0770 = 0,(1)) = O, (n™1/2),

and hence\| = O, (n~'/2).
The rest of the proof follows the same argument as used for the Vector ELT,
and so-2log R(0) — x{,, in distribution. (]

11.4 Multi-sample ELT

This section presents a nonrigorous argument that empirical likelihood inferences
have ay? calibration in multi-sample settings. For simplicity we consider the case
of two samples and a single estimating equation for a scalar parameter. A rigorous
argument would have to impose explicit moment conditions in order to bound the
Lagrange multiplier, along the lines of the proof in Chapter 11.2 of the vector
ELT.

Let Xq,...,X, € RP ~ FyandYy,....Y,, € R? ~ Gy, with all ob-
servations independent. Létc R? be defined byF(h(X,Y,0)) = 0, where
h(z,y,0) € Rt. For example whep = ¢ = ¢, h(X,Y,0) = X — Y — 0 defines
0 as the difference in meards(X) — E(Y). Whenp = ¢ = t = 1, the function
h(X,Y,0) = 1x>y — 0 definesd as the probability thakX is larger thary”. We
might be interested in testinfg= 0 in the first case and = 1/2 in the second
case.

The ANOVA setting of Chapter 4.4 applies to group means and functions of
group means. The setting here is more general in that the expectation in the esti-
mating equation is with respect to both distributions jointly.

The argument below providesxaft limit, under some mild assumptions. To
simplify the presentation= 1 is used, but the argument goes through for general
t with natural modifications. We assume thain(n,m) — oo, and that) <
E(h(X,Y,00)%) < co. We also rule out cases such as those whére, Y, 6,)
can be written in the formp(X)n(Y") with E(¢(X)) = E(n(Y)) = 0. In such
a case, independence &fandY implies thatE(h(X,Y, 6y)) = 0, and there is
no need to infer it from data. The extra assumption we will make is that either
E(E(h(X,Y,00)|X)?) > 0or E(E(h(X,Y,00)[Y)?) > 0.

The empirical likelihood ratio may be written

R(F,QG) = ﬁnui ﬁ mu;
=1 j=1

whereF puts weightu; on X; andG puts weightv; on'Y;. We will assume that
up > 0,35 u = 1,0, >0, 377" v; = 1, so that the empirical likelihood is a

©2001 CRC PressLLC



product of two multinomials, one on each sample. The profile empirical likelihood
ratio function is

Rwy—mw{RQZG)E:E:WWHﬁW)—O}

i=1 j=1

whereH;;(0) = H;; = h(X;,Y;,0), and the simplex constraints en andv;
have been left out to shorten the expression.
Using Lagrange multipliers we find that

1
u; =
Con+ A v Hy,
1
vj =

mA Ay usHy

where) is defined by ", >~ | ujv;Hy; = 0. Introduce the terms
m
r=1
g-j = ZUSHSj7
s=1

andH,, = (nm)~* 331", Y2 | Hi;. Then

SlH

m
§ AR
n

§ 17

:I'—‘

1 A~ A~ A~ \?
U; = — |:l - <_Hio> + ( H’Lo) - <_Hlo> + - ) and
n n n n
1 A~ A~ \2 A~ \?
= 1 (ZH. 2y - (ZH..
o= o) ()~ (3m)
Substituting these values injo,;, 37", u;v;Hi; = 0, we get
_ 1 n m . 1 n m .
0=H,, — A\ anZZszHio—’_an ZZHUH']
=1 j=1 i=1 j=1
1 n m . 1 n m
N 5= HGHL 4+ —5 ) > HyHL+
n i=1 j=1 =1 j=1
1 n m
nZm2 ;;HZJH“H,J +
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Ignoring higher terms in\, we find\ = D' H,, where

:nzmzzszZHwa 2ZZHUZH5J

i=1 j=1 r=1 i=1 j=1 s=1

In finding this D, the term

has been replaced ;. andﬁj, has been replaced Hy;,, with the differences
being absorbed into the coefficient bf.

Now keeping terms up to orde# in the profile empirical log likelihood func-
tion, we find

- A~ “ A~
—2logR (o) =2 _log <1 + EH) +2) log (1 + aH,j)

i=1 j=1

;i(gm._;(gm )2)
+2f: ( (%HJ)2> |

ReplacingH's by corresponding’s and keeping terms to orda?, we get

—210gR(00)i2§:%H¢.— Z Z(AH“)Q

=1

= 4\H,, — 3)\? ( Z mi Z H@)
= HZ (4D7' —3KD™?),

where
1

To complete the argument, we need to show figt, suitably scaled, is asymp-
totically normally distributed and that the coefficiend—! — 3K D~2of H2, is
a consistent estimator of the suitably scaled variance. To make this argument, we
introduce an ANOVA decompositioh(X,Y, 6y) = A(X) + B(Y) + C(X,Y).
Here A(X) = E(h(X,Y,00) | X), B(Y) is defined similarly and” is found
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by subtraction. We hav&(C(X,Y) | X) = E(C(X,Y) | Y) = 0, and
BE(A(X)) = E(B(X)) = 0. Leto% = BE(A(X)?), 0% = E(B(X)?), and
02 = E(C(X,Y)?). These components are uncorrelatedAB) = E(AC) =
E(BC) = 0.

Now

a. — %ZZAiJrBjnLCU

i=1 j=1
has mear® and variance

2 2 2
a4 , 9B oc
-4+ =4+ —=.
n m nm

The expected value dD is

and the expected value &f is
E(K) = J_A_'_é_’_ai—ﬁ-oé—ﬁ-?a%.
n m mn
Under mild moment condition® and K approach their expectations with small
relative errors, ag, n — oo, and so

(4D —3KD™?)V (H..)

2 2 2 2 2 2 2 2 2 2\ 2
. (O o o o o o4 + 0% + 20 o o
:<_A+_B+_C) (_A_A'__B_?)M) (_A+_B>
n m nm n m mn n m

— 1,

asmin(n,m) — oo. This final limit also relies on the condition that at least one
of 04 ando? is positive. Ifc4 = 0% = 0, thenE(h(X,Y,6,)) = 0 follows, as
remarked above, from the independenc&adindY’.

From this it follows that empirical likelihood on two independent samples has
an asymptoticx?l) distribution, for inferences ofidefined byE' (h(X,Y,0)) = 0.
We needed to havain(n, m) — oo, but there was no need to have them grow
at the same rate. Also, the second momg(tt(X, Y, #)%) must be finite to allow
the ANOVA decomposition, and positive to get a central limit theorenidgy.

11.5 Bibliographic notes

The proof of the vector ELT is taken from Owen (18)0The triangular array
ELT is from Owen (1991). A univariate ELT was proved in Owen (198®r
the mean, as well as for somd-estimates and statistics defined asé(ffet)
differentiable functions of".
The basic strategy of forcingto be small and then making Taylor expansions
is also used by Jing Qin in his dissertation (Qin 1992) and in subsequent papers.
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For smooth estimating equations Qin (1992) assumes|thét, 0)||*> < M (x)
uniformly in a neighborhood df, with E(M (X)) < oo. Along with a few other
conditions, having- log R(#) smaller than a certain multiple af'/* forces||6 —
60| < n~'/3. Then Taylor expansions of the log likelihood can be made\jr)
around(0, 6y) jointly.
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