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= |ntroduction

oscin s 1 A duration is a length of time spent in a given state before
| Intoduction transition to another state.

Basic concepts

Sl n Examples:

pisrbutions u The time to study in the university.

Condiional models: Basis u The time between trades in a nancial market.

u The time it lasts for an unemployed person to nd a job.
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Introduction

roducton n We are going to study how to analyze this time intervals
-called durations- with several models.

Basic concepts

Censoring n All models are parametric and hence rely on a function.

Distributions

n This function gives the link between the regressors and the
durations.

Conditional models: Basis

n Since durations are always positive, the probability density
functions we use must be for positive random variables.

n The most well known probability distribution is the
exponential.

n Another important difference with linear regression or logit
models is that we don't focus on the density function but in
the so called hazard function (hazard risk).
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Basic concepts

Intoducton n Lett; denote the ith duration or time interval. Itis a
realization of the random variable T.
e coneens n The cumulative density function of T is F (tj) and its density
| Basic concepts - — ti
Censoring IS f (tl) B @gt )
ELESRIE n The probability that the duration Is less than t; Is
Conditional models: Basis Z ti

F(ti): P[T ti]: f(S)dS

0

which, by de nition, goes from 0 to 1

n A complementary function to the cdf is the survivor function:
Z 1
S(ti)=1 F(t) = f (s)ds

ti

which, by de nition, goes from 1 to O
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Basic concepts

introduction n A key concept in duration analysis is the hazard function: It

e conegs IS the instantaneous probability of ending the duration

| Basic concepts conditional on the survival to time t:

oo e Pt T<ti+4tiT t] f(t
(ti)) = lim L ' L IRAC

Censoring 4 ti 0 4 tl S(t|)

Distributions

Conditional models: Basis

n Remember that hazard is a synonymous for risk. The hazard
function tells you the probability of being at risk ) the
probability that the event happens in the next moment of time
given that it hasn't happened yet.

n The probability of dying at 90 years old when you are 21 6
the probability of dying at 90 when you are 89.

n And these two probabilities are not the same either to the
probability of dying at 90
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v
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Inroduction n All the functions, pdf, cdf, survivor and hazard are related.
Basic conceps The knowledge one implies the knowledge of the others.

| Basic concepts

| Basic concepts

| oo conceps n This is because they are all different ways to represent the
probability law of the duration process.
Censoring

Distributions

Conditional modele: Bacie Function Symbol De nition Relationships
Density f(t) Plt;i T<t;+4t] f(ti)= %G
Distribution F(t;) P[T ti] F(tj)= gi f (s)ds
Survivor S(t) P[T >t ] S(ti)=1 F(t;)
Hazard (t)  lim gy o T (t)= 51
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Censoring

i n Data are often censored. Censored may be left or right

Basic concepts

e n The most common censoring is the right one -or from above:
We observe the duration from time O until a censoring time.

| Censoring

Distibutions n Examples are individual drop of the database of an individual
Conditional models: Basis or termination of the study.

n Random censoring -or exogenous censoring- means that
each individual has a duration T; and a censoring time C,
that are independent of each other.

n The observed data can be summarized in:

i = 11 <,
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Censoring

n Type | censoring: durations are censored above a certain
xed known censoring say tc,

u This is probably the most common censoring and it is a
special type of the random censoring when C, = t

u Example: A labour survey. At the time the survey ends,
some people may be unemployed but may nd a job later.

n Type Il censoring: observation on N subjects ceases after
the pth failure.

u Only the p shortest durations are completely observed.
u Example: a clinical trial ends after p patients have died.
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introduction n In terms of densities, the uncensored observations are
Basic concepts Observed Wlth prObablllty
o PIT=t; i=1=P[T=tji=1 P[i=1]

If the censoring is independent then
P[T = tij P - l] = P[T - ti].

Distributions

Conditional models: Basis

n In terms of densities, the censored observations are
observed with probability

PT=t; i=1=P[T tj ;=0 P[;=0]

If the censoring is independent then
P[T tij 20]: P[T ti].

n The density of T reduces to combine P[T tjJwhen ; =0
andto P[T = tjJwhen ; =1.
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Distributions

Introduction n Durations are positive continuous random variables

Basic concepts

Szl n Therefore the probability distributions we use have to be
Distrbutions designed for positive continuous random variables

| Exponential distribution ) . . . .

| Exponenta distribution n The exponential and the Welilbull distributions are the most

| Weibull distribution

| Weibull distribution Used .

Conditional models: Basis

5

Others: log-normal, gamma and Burr.
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Exponential distribution

n If durations are exponentially distributed, they are generated
from a the following pdf:

f(ti)= exp(
n With cdf and survivor:
F(ti))=1 exp( t
S(ti) =exp( t
n The hazard function is
L B(t) _
(1) = S(ti)

ti)

)
)

That is, constant. This means that it does not vary with T )

It IS memoryless.
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Exponential distribution

P[0 dT 90] P[T 90]

*

v

|
P[T 90|T t 21] g fime
P[T 90|T t 89]

o

@)

P[T 90|Tt21] P[T 90|T t89]

v
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introduction n If durations are Weibull distributed, they are generated from
Basic concepts a the following pdf:
Dist.ribljltiOI‘.lS f (t|) - t | 1 eXp( t | )
n With cdf and survivor:
Conditional models: Basis F (tl) — 1 exp( |

ti)
S(t) =exp( t;)

n The hazard function is

_ T) _

()= ggy= i’

This hazard rate is not constant. It take different shapes
depending on the value of
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Welbull distribution

P[0 dT 90] P[T 90]

*

v

o__

@)

A

|
P[T 90|T t 21] g fime
P[T 90|T t 89]

D1 D1
For Dz1:
D1 P[T 90|Tt21] zP[T 90|T t89]

v
—t+
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Introduction n The above distributions are parametric and can decribe the
Basic concepts probability law of the durations

Distributions n But they are marginal in the sense that they don't consider
Conditonal models: Basis the effect of regressors on the durations.

| Conditional models: Basis

| Conditional models: Basis

| Conditional models: Basis n Examples

| Conditional models: Basis
| Conditional models: Basis

u The time to study in the university may be a function of
your intellectual skills and the family environment.

u The time it lasts since an unemployed person nds a job
can be a function of its educational level and age.

u The time it takes to observe a trade in the nancial
markets can be a function of the time of the day, the
traded volume and the volatility.
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| Conditional models: Basis
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Conditional models: Basis

n Gather all these exogenous variables into a vector X;.
Attached to it there Is a vector of parameters

n The way in which x; affects t; will be explained later.

n So far, assume that they make part of the model and that the
likelihood function depends on them

n Hence we can write the likelihood function, we can estimate
by maximum likelihood
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Inroduction n Let T denote the durations without censoring, with

Basic concepts conditional density f (t;jX;; ), where Is a parameter vector
Censoring

pistrbutions n The observed duration t; is the length of a possibly

Conditonal models: Basis Incomplete spell. So we need the indicator variable ; that
e e o tells us if the ith observation is censored.

| Conditional models: Basis

| Condiional models: Basis n For the uncensored durations, their contribution to the
likelihood is the density f (tjjx;; )

n For the (right) censored, we know only that the duration
exceeds t;. The contribution to the likelihood is S(tjjx;; )
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Lo n So the density for the ith observation can be written as
Censoring f (tIJXI 1 ) ! S(t|JX| 1 )l !
condtona mogels Bass n Computing the joint density (i.e. the likelihood) and taking
e logs (i.e. the log-likelihood):
| Conditional models: Basis )(\| . .
Ly = ilnf(tini; )+(1 i)S(tJXi; )
i=1

n the rstterm of the sum corresponds to the completed
durations and the second to the right censored durations
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Conditional models: Basis

' . . . . . N
nodcion n Usual maximum likelihood theory applies to obtain "y .
Basic concepts

. . N\ . . .
Censoring n Usual properties apply as well: "y is consistent, Gaussian
il and with variance equal to the inverse of the Fisher
Condione model: asis iInformation matrix (see refreshments)

| Conditional models: Basis
| Conditional models: Basis
| Conditional models: Basis

| Conditional models: Basis

David Veredas, October 28, 2008 Microeconometrics - p. 26/26




	Introduction
	Introduction
	Introduction

	Basic concepts
	Basic concepts
	Basic concepts
	Basic concepts
	Basic concepts
	Basic concepts

	Censoring
	Censoring
	Censoring
	Censoring

	Distributions
	Distributions
	Exponential distribution
	Exponential distribution
	Weibull distribution
	Weibull distribution


