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Appendix Z: Proof of Theorem 1

Set-up of the Optimal Program

For future reference, this appendix reproduces the optimization problem of the buyer with Up =0

(Lemma 2) and with the subset of the IC constraints that happen to bind at the optimum.

. max , o [wiaWia(ar) — Unl+angenaWaha (gue)+onn [ Whai(ann) — Unl+our [ Wi (an) — Unr)
Tk,qk,Vk

subject to:
Un = xppAb (IC 1)
U 2 Um —zig Wim (@) — Wae (am)) (IC 2)
U = ThaqnuAO: (IC 3)
Ur > Umn+xiaquAos (IC 4)
Ur = Un+zn A6y (IC 5)
Ur > Ung+xppAby + 2rpgnnAbs (IC 6)
NkZK apxp < 1—(1- k:ZK o)V for all subsets K of {IH,hH,hL,IL} (feasibility)
€ S

(We omit the non exclusion constraint). The associated Lagrangian is given by:

arg [wiaWia(ar) — Unl + onaeng Wi (qne) + onr [2hiWhi(ann) — Unr] + cur [zin Wi (ain) — Ufd)
+A1 [Uig — 2hgA61) + Ao [Unr, — Ui + i Wim (@) — Wahe (qim))]
+A3 [Unr, — xpaanaA02] + Ma Ui, — Ui — w1 e Ab2) + As (Ui, — Upr, — xp A4

X6 (UL — 2 A0y — 2 qna 2] — S vk [N S o — 1+ (1= 3 o)V
KeK KeK

(where \; is the Lagrangian multiplier associated with IC constraint ¢, and 7 is the multiplier
associated with feasibility constraint K'). Figure 13 provides a graphical representation of these IC
constraints together with their associated multipliers. A dotted line means that a constraint may
bind at the optimum. A full line means it always binds.
A
IH . M hH

Figure 13: Potentially binding constraints at the solution
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The Kuhn-Tucker conditions of this program are standard. For future reference, we only reproduce

those with respect to Uy :

AM—A—N = qg (2)
A +A3—As = apr (3)
M+As+X = or (4)

Characterization of the Optimal Buying Mechanism

Preliminaries

We first define the notation that we will be using for some of the zj variables when they take
specific values. When z;5 takes its maximum value conditional on [L keeping priority in the

contract allocation, we will denote it ;3. Formally, 273 is defined by the equation

N (alefTﬁaX + OzlL${ZB) =1- (OzhL + OzhH)N

By Border (1991), this implies the following allocation: When there is a type [L, give the contract
to L, if not, give priority to a type [H if there is one. Conversely, :vanm corresponds to the expected
probability of winning for hL when [H and [L have priority over hL (but hL maintains priority
over hH). Formally,

1 N

N (a4 aprzp™ + ozlelFLB) =1—apy

Finally, T is defined such that x;5 = xj;, and they have priority over hH in the allocation, that is

N ((alH + ahL)E + Oélesz) =1- Oz;]:[H

The proof of Theorem 1 uses the following result repeatedly:
Lemma 7: Suppose Ujg = xpgAb01. (1) Suppose further that Upr g > Upr pi- Then, xhr > g
if and only if Ui wr > Uirm. (2) Suppose now that Unrag < Uppna- Then Upp pr, > Ui n when

Thr 2 TIH-

Proof: The result follows directly from a comparison of Uy, i and Up, 1, (When Upr g > Unr pi)
Uingag = vinquaAs + 2pgA01 Uippr = 2pA01 — 1ig A0 + 2 AO2 + x5, A0y

When Unpng 2 Unran, Uinnr = Thd01 + ThpqnaAbs. Since Upp pg > Uppp is equivalent to

ehaWin(ane) — Whelane)] < wig[Win(qr) — Whe(qa)], the condition implies Uz nr, > Uirig
when xp;, > z15. QED
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Lemma 8: Suppose that ICy1, pu 1s satisfied. Then xpr, > xpg = 1C1 hu 15 satisfied.

Proof: ICy i satisfied means that Uyr pr defn Unr, + xpA01 > Upg + g AOoqny + xpr AGY.

On this other hand, UlL,hH = Upg + xpgAOoqny + xng ;. Clearly, UlL,hH < UlL,hL as long as
Thr > - QED

We are now ready to prove theorem 1. The proof proceeds by progressively partioning the space of
parameters into sets of parameters for which the solution shares the same binding IC and feasibility
constraints. The logic of the proof is pretty simple, even if the mechanics can be involved. For this
reason an exhaustive exposition of the proof of part I, scenario 1 is presented. The arguments in

the rest of the proof are presented more briefly where they mirror those in part I, scenario 1.

Proof of part I of Theorem 1: Wiy (§) — Wy (§) > 0 i.e. Ay > GA0O,

The binding constraints in the buyer-optimal efficient mechanism are IC;g i, ICyr g and 1C; p 1.

The buyer’s resulting expected utility is given by

o QL +
argtiaWin(qr) + anageneg [Wha (ghe) — aﬂAel — AL T IL i AGy) (5)

hH OhH

«
+onhn[Whi(gnr) — a—;iﬁﬂﬂ + arziWirn(air)

(where, again, we have highlighted the virtual welfares associated with each type). Keeping the
probabilities fixed at xj = :U,f B optimizing the ¢’s in (5) requires that only ¢,z be adjusted away

from the efficient level and set equal to

« apr, + o
ary = arg max{ Wz (qnm) — alH Ay — —LE T 0 AGLY (6)

hH OhH
This reduces the informational rents of hL and [ L. From Lemma 7(2), we know that U, Lar = Ulnin

as long as Upr nu > Uprm. Hence, we need to consider only two scenarios:

Scenario 1: At q%H, Unrna = Uprm, that is,
o it Win (Gh) — War(@hg)] < 2l Win (@) — Wai(9)) (7)

In this case, all IC constraints remain satisfied as we decrease qnpg to q}ZL -

We now consider the optimization of the probabilities of winning. From (5) and the model assump-
tions, the virtual welfare associated with [L is the largest. Moreover, the virtual welfare associated
with [H is larger than that associated with hH. Thus, we need to consider three cases depending

on the relative ranking of the virtual welfare of hL with respect to the virtual welfares of hH and
[H.
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L VWi, > VWig > VWap : Wir(Q)— 55201 > Wiy (7) > Wi (7 ) — 52E Afy— L0 g2 NG,

apr, XhH
[Solution 1.1.a]

The optimal probabilities of winning are xp = a:l,: B

since the ranking of the virtual welfares
corresponds to the ranking of the first best welfares. All IC constraints are satisfied given

the arguments above. The x’s and ¢’s are optimized given the binding constraints; ;g = 7,

ahi = @iy and qur, = QL = g

VWig > VW > VWhp - VV[H(q) > WhL(g)—%Ael > WhH(q}QLH)—al—HAal—ahLJralL q}%HAHQ

XhH AhH
In this case, type [H generates a higher level of virtual welfare than type hL. Thus, the
buyer would rather give the contract to supplier /H than to supplier AL, i.e. he would
like to change the order of priority in the allocation. Increasing x;z while decreasing xpy,
concurrently (keeping aygxig + anpehr + oy L:L‘fZB constant) does not initially affect any of
the virtual welfare and it increases the buyer’s expected utility. This process continues until

either a new IC constraint binds or we have reach x;y = x3™.

We now argue that the only potentially new binding constraint is IC;r, ;7. To see this consider

the following:

(a) hL’s IC constraints: Given that Unr g = Ujg — xig[A01 — Abaq] and that Uy is not

affected by the process, the incentives for hL to imitate [H have actually decreased.

ICh 111, remain satisfied as well since IC;r, 1,1, is binding and x;7, > xpr.

(b) [H’s IC constraints: Because Ujp pr, = Upr + xpr (A0 — A@gq}%H) and Uy, = Upr +
rp A0y — 21, Ab2q, the incentives for [H to imitate hL and IL have decreased (Upr =

thAﬂlqu is not affected by the process).

(c) hH’s IC constraints: hH continues to have no incentive to imitate hH, hL or IL given

that IC;g g and ICyr g are binding, and Uy g, is not affected by the process.

(d) IL’s IC constraint: By Lemma 8, IC;y, ;5 is not affected by the process. By Lemma 7(2),

ICi1, 17 remains satisfied as long as 27 < 1, but it could start binding afterwards.

Thus, we continue to increase x;z at the cost of xyr, until either x;7 = 237 or 1C;r ;i starts

binding, whichever comes first.

(a) xyg = x]f™ first. [Solution 1.1.b]
This means that Uz, n;, > Ujr m even when x5 reaches its maximum. This corresponds
to the solution because there are no more opportunities to increase the buyer’s expected

utility: the ¢’s are optimized given the binding IC constraints, the x’s are optimized
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given the virtual welfare and the feasibility constraints. The solution is thus: ¢ = 7,

FB

A > xp = w‘ﬁn > ThH = Thy-

e = Gy qor = @ = q and xyp, = [P > wp = )
By the argument just above, all IC constraints are satisfied.

ICip 1 starts binding. [Solution 1.1.c]

At that point, Ujr g = Ui hr, that is, xﬁﬁ[MH(q%H)—WhL(q%H)] = op A0 —x g GAO
(note that by Lemma 7(2), this happens at z;z7 > zp1).

We now argue that we should be looking for a solution where both 1C;r, 1,1, and 1C;, 15
are binding. Indeed, if only IC;z, ;5 binds, the virtual welfare associated with hL is W,fLB
which is greater than the virtual welfare associated with [H. Thus the buyer would want
to set xpr, back to xﬁf, but this would bring us back to the starting point.

Thus the buyer further increases his expected utility by increasing x;y and decreasing
2, while keeping ole:L‘lH—i-oathhL—i—aleﬂB constant and x,‘?g[W/IH(qhH)—WhL(qhH)] =
xp A0 — 21gGAbs. This requires that we adjust gng (specifically we need to increase
QhH)-

A change in ¢,y corresponds to a change in the value of the Lagrangian multiplier on the
ICip i constraint. Using the expressions in (1) to (4), we can rewrite the expressions

for [H and hH’s virtual welfares as follows:

A
VWi = max{Wig(qn) — ——quAbs} (8)
(e[¥zs g
o+ A apr, + oL — A
VWir = max{Whyy(qna) — A YN 4A92QhH} 9)
qhH OhH anH

where A4 is the Lagrangian multiplier on the IC;z, ;5 constraint.

Thus, practically, we increase z;y and decrease xp; concurrently to keep aygxig +
OLLThL + oqL:vlFLB constant. This implies a new value for g5y and ¢y to ensure that
xﬁ}? (Wir(gnm) — Wi (qne)] = xpp A0 — 21gqur Abs. These correspond to a new value
for A4 through (9). Specifically, A4 increases.

This process increases the virtual welfare associated with hL, Wy, (q) — %_L’\“Aﬁl, and
decreases the virtual welfare associated with [H and hH (see (8) and (9)).

It continues until we have either reached the upper bound to z;p, 277, or the virtual

welfares associated with [H and hL become equal:

)\* 6% — A*
max{Wig (qm) — 4 a2} = Wi (q) — 1L 4NQ,
qH alH ahL -

whichever comes first. Thus Ay € (0,A}) C (0, ;1) as required by (4).

This defines the solution: x;;, = xlFLB > ot > g > xpn 2> x‘ﬁlin > Thpy = xfﬁ,

@ = qnr, = q and q and quy defined by (8) and (9), qm, gur < . The 2’s are
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optimized given the virtual welfares and the feasibility constraints. The ¢’s are optimized

given the binding constraints.

All IC constraints remain satisfied. The arguments for this are the same as those we made
U, =U,

above, except for ICy,, 17, which follows because wfg (Wir (gnm) —Whi (qnm)) ALZFILIR

e A0 — oAl < T Win(ar) — Wi (qw)] when g > xpr.

3. VWig > VWryg > VWyr : Wig(q) > WhH(Q}%H) — dH Ap; — MQ%HAHQ > WhL(Q) —

OhH OnH

oy, A
LA

In this case, the ideal ordering of types in the allocation is [L = [H = hH > hL. The
buyer increases his expected utility by decreasing zjr, first to the benefit of z;y (that is,
keeping alelH+ozthhL+alel17LB constant), and then to the benefit of z;, 7 (that is, keeping

FB
N(ougai* + aprzpr + pry” + apprng) = 1).

This process initially does not affect any of the virtual welfares until a new IC constraint
binds. By the same arguments as in point 2 above, we can establish that the first binding
constraint is IC;y, ;7. When it binds zpr[A0 — AQQQ}%H] = x5, A01 — 215 Af2q. At this point,

g > xpr > xpy (the first inequality comes from Lemma 7(2)).

Once this happens, any further improvement requires that we keep Uz, 1, = Uiz 1z (otherwise,
it Uip nr < Uinam, ICiL h1 ceases to bind, the virtual welfare associated with AL bounces back
to W,fLB and thus we get back to the starting point). We are thus in a similar situation as
in point 2 above. Any further change in the x’s requires some changes in the ¢’s and thus
in the value of the multiplier on the IC constraints. Using the expressions in (1) to (4), the

resulting virtual welfares associated with [H, hH and hL are:

A

VWi = max{Wig (qur) — ——A0zquzr } (10)

QH o g

o+ A apr +oq — A

VWha = max{Whz (quz) — (o M) np (O i 4)A92qhH} (11)

hH (0794 OhH

oL — A
VWhr = Whiir(q) — L2 Ag, (12)
QpL

where A\q € (0, oyz) is such that Ujp, p1, = Uip g ie. pua(Win(qnm) — Whi(gnm)) = ch A0 —
g Afdy for the current value of zp;, (x;y and xpy are well-defined once xpy, is defined
given that [H has priority hH is also clear). Practically, a decrease in x, is associated with
an increase in gz, a decrease in ¢ and an increase in A4. This decreases VW;g and VW,

and increases VW,

The difference relative to Solution 1.1.c is what ends this process. Here, the process ends
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when either a new IC constraint binds or the relative ranking of virtual welfare changes.!

The only new IC constraint that can bind is IC;, 7. This happens at xpr, = xg. Thus we

need to distinguish the following cases depending on which event happens first:

(a)

()

We have reached VW > VWyg = VW, and x;z = x37*. Then this is the solution.
The buyer is indifferent between hH and hL. The qualities are given by the value of
A4 that solves for VWyy = VW in (11) and (12), g, = qnr = q and z, = xlFLB,
T = T > :UfLm > T > ThH > :Bﬁﬁ [Solution 1.1.d]

We have reached VWi > VW)yg = VW at ;g < 2737 Then the buyer can further
increase his expected utility by decreasing xj;, and increasing z;y keeping U g =
Uir nr- This further decreases VW and VW), g and increases VW},,. The process stops
when either VWig = VW), or ;g = xj}, whichever comes earlier. At the solution
the ¢’s are defined from (11) and (12) for the value of Ay at which the process stops,
QL = qur = q and 3y, = :UZFLB, TS > wg > xR > :BI}?LIH and xpy = ;nﬁg This
corresponds to Solution 1.1.c. above.

We have reached VWi = VWp,g > VW), (note that this implies that ¢z < g1, given
(10) and (11)). The buyer further increases his expected utility by decreasing xpr and
adjusting z; and xpy in a way that preserves VWi = VWyg and Ujp g = UlL’hL.2
Thus A4 is fixed and the virtual welfares are not affected. This process continues until

xpr, = xpy (< @) at which point Uy p starts binding. At this stage we have:

Unjg = a0y +xgquAbs = Uir pg = cha A0y + 2 qna Ads

= Uipnr = 2 A0 + 2hagna Ao

Using the expressions in (1) to (4), the virtual welfares are given by

A

VWi = max{Wig(qu) — —Abaqp} (13)

QH arg

A - A

VWhia = max{Whyg — L—HAGI _ QL T 2 AOagnir} (14)

qnH ORpH OhH

- A

VWi = Whr(q) — St i YN (15)

Qapr,

where A4 and Ag are the multipliers on the 1C;z ;5 and IC;z, ;i constraint respectively.

!'No feasibility constraint binds in the process. Indeed, the only potential feasibility constraint would involve z

hitting its maximum but this never occurs before g = xhL.-
2The feasibility constraints on the z’s are N(ozlL:L'sz +aprig +aragthg) <1— aﬁ’L and N(alesz +ogrig +

anLThr +anprhmg) = 1
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There exists a value for Ay and A\g such that VW, = VWyg = VW, and Ui g =
Uihe = Ui pg and N(oypaig + onrhr + ozlL:L‘fZB + apgrng) = 1. Indeed, we have
five equations and five unknowns: Mg, Ag, z;, pr and xpgy (from (15) and the fact
VWi = VWyr, we know that agp, — Ay — A¢ > 0, thus apr + oy, — Mg in (14) is ensured
to be positive which is required by the non negative constraint on the multipliers).

These values for A4 and \g correspond to the solution. At the solution, z;5 > xpg = Th
(implied by Uiz g = Uipwr = Ui ), @ < qnr < q and qnr, = g = g- The buyer is
indifferent among [H, hH and hL and the x’s are thus optimized. The ¢’s are optimized
given the binding constraints and the value of the multipliers. No new constraint binds in
the process. The argument for this is identical as the one in point 2, except for 1Cy, 1, 15,

Uipn=Up1a
)] =

which follows because zf B[Wig (qnur) — Whr(qne Th A0 — T g Al <

g Wi (qg) — Whi(qm)] when x> xpz. [Solution 1.1.e]

(d) We have reached xpg = wpr. At this point, IC;y, pi starts binding. The rest of the
argument is as in point ¢ above: There exists a value for A4 and Ag such that VW =
VWi = VWi and Uypyg = Uippr = Ui and N(oqpzig + appenrn + agpai? +

apgrhry) = 1. The solution is thus Solution 1.1.e.

Scenario 2: At q,QLH, Unrna < Uprim, that is, $5§[W/}H(qi;{) — WhL(q%H)] > xﬂf[VVlH(q) —
Whi(q)]-
In this case, IC,r ;i becomes binding as we decrease gpp. To reduce hL and [L’s rents further,

one now needs to decrease gy at the same time as qnp in such a way that U, pg = Upr.m, ie.,

xfg[W}H(qhH) —Whir(qnm)] = IIJZFHB[VVZH(CIZH) —Whir(qm)]. (Note that this implies that iy > qnp.)
Formally, using (1) to (4) in Appendix A, we let ¢y and g solve:

A*
VWig = max{Wig(qn) + —2Win(an) — Wie(am)]} (16)
QL H arg
A3 — A4
VWhH = maX{WhH(qhH) — MH + 2A01 — (ahL * HL Q)Aegqh[{} (17)
dnH (07921 OhH
for the value of A5 € (0,1 + aqr) such that a:fg[W}H(qhH) — Whi(gnm)] = xf;IB[VVlH(qu) —

Whi(qm)] (A2 is the multiplier on ICpr p). Such value for Ay always exists. When X5 = 0,
qu = G and gum = gy so that 23 F Win (g3 ) — Win(aig)) > i Wi (@) — War (@) from the
definition of scenario 2. When A5 = apr, + iz, g < qo = @ and 2L B[(Wig (@) — Wir(g)] <
ol Wir (qiy) — War(afy)))-

Relative to the BOEM, only the rents of hL and [L have decreased. The IC constraint of hL is
taken care of by construction, and Uiz, 1, > Ujp g from Lemma 7(1). Hence, all IC constraints

remain satisfied.
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We now optimize over the z’s. Notice that VW;y = maxg,, {VVIH(qu)jL% Wb (qe)—Wh(qm)]} >
Wir (@) > VWi Hence, we need to consider three cases depending on the relative ranking of the

virtual welfare associated with hL.

L VWu = VWig > VWi @ War(g) — g A0 > maxg, {Win(qn) + %[VVIH(QZH) -
Wir(qm)]} [Solution 1.2.a]

The optimal probabilities are thus z; = xf B The values of g7 and ¢z are defined in (16)

and (17) and § > qig > qum > Ghg» Gh = QL = ¢-

2. VWig > VWi > VWhy : maxg, {Wiu(qn) + —/\E-[WZH(QIH) — Wharlam)]} > Wir(q) —

g

%Ael > WhH(C_I;%H) - S;L—ZA& — %q}%HAHQ (note that the condition is on VWyy

evaluated at Ay = 0).

At the current value of Ao, the buyer prefers to give the contract to [H over hL. As we
progressively increase x;y at the expense of 7, while keeping x,lf 5 (Wir (qne) — Whi(ane)] =
g Win(anr) — Whi(qnr)], we decrease Az (i.e. increase ¢ and decrease qng - from (16)
and (17)). This decreases VW and increases VWy.

This process continues until the relative ordering of virtual welfares changes or the binding
IC constraints change (at least of one these two events happen before we reach the feasibility
constraint x;y = xj5™). Specifically, the two IC constraints we need to worry about are
ICh 1, i which stops binding when Ay = 0, and 1C;z, ;5 which starts binding when x5 = xp1.

This yields three cases depending on which event happens first:

(a) VWig = VW first (note that given the assumption of this case, VW > VWyy
always): We have then reached the solution. At the solution, the probabilities of winning
are: xy;, = wsz > xﬁf > TR > T > wf;f > ThH = wﬁﬁ where z;g and xp, 1, are defined
implicitly by xfg[mH(qhH) —Whi(qne)] = zigWim(qr) — Whr(que)] for the values of
grp and g that solve (16) and (17) at the current value of A2 (g < qipr). The z’s are
optimized given the virtual welfares. The ¢’s are optimized given the binding constraints

and the value of . [Solution 1.2.b]

(b) Ao = 0 first. IC,1 i ceases to bind and g¢py = q,%H and ;g = . As z;g further increases
and xpy, decreases, the buyer increases his expected utility. None of the virtual welfares
are affected in the process, and thus this continues until we either reach z;y = 23~
or ICyr, ;g starts binding (this happens when xﬁﬁ[MH(q%H) — WhL(q,QLH)] = o A0 —

thAQQG.).
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In the first case, we are as in Solution 1.1.b: z;;, = xsz > T = X > Tp = JJI}?in
ThH = :L‘g 5, QhH = q}% g and gy = G. The 2’s are optimized given that, by assumption,
VWi > VWhy.
In the second case, we are as in Solution 1.1c. Thus, z;;, = $lsz > o™ > g >
Thr = TP > vy = o) B, i = g = g and g and g defined by (8) and (9), qm,
qnH < G-

(c) &g = xpp first. At this point, ICjy ;g starts binding. Based on the expressions from

(1), reworked using the equalities (2) to (4), the associated virtual welfares are given by:

. + X5 — A
VWig = max{Wig(qu)— (anr + o 3)A92QlH + MA&} (18)
qILH g g
A A
VWi = max{Wi(qnn) — ——Abagny — —2 T QL F oL SN0} (19)
qnH (0791 OhH
A
VWhL = WhL(g) - —5A(91 (20)
Qp,

There exist values for A3 and A5 such that (1) Z[W;x (qig) —Whi(qm)] = $5g[mH(QhH)_
Whi(qng)] and (2) VW;g = VW, To see this, note that the progressive adjustment
of z;g until ;g = x5 implies that there exists a value for A3 that satisfies condition
(1). Once A3 is fixed, there is a value of A5 that ensures condition (2). Indeed for any
feasible A3, when A5 = 0, the virtual welfare of hL is greater. When A5 = o7, and
Ao = apr, 4+, — Ag, this follows from the fact that we have assume that VW;g > VW),
when 1C;r, ;i becomes binding.

Note that Ao = apr, — A3 + As. If the implied A9 is positive, this is the solution: z;;, =
a:sz > a:fLB >apL =T = X > mﬁf > rpH = xﬁg and the ¢’s solving (18) through
(20) above for the values of A\3 and A5 that satisfy conditions (1) and (2) (in particular,
Qi > qni)- The x’s are optimized given the virtual welfares: the buyer is indifferent
between [H and hL and VW > VW, follows from the comparison between (18) and
(19) when ¢;i7 > qnm. The ¢’s are optimized given the binding constraints and the value

of the multipliers. [Solution 1.2.c]

If the implied Az is strictly negative, then ICy,r ; ceases to bind at some point. We are
then in the same situation as in Solution 1.1.c. At the solution, x;;, = xlFLB >t >
g > Thp > T > wpy = o, ain = g = g and gy and g, defined by (8) and (9),

Qe 9 < ¢

3. VWigr > VWhay > VWir : War(q) — S A01 < Whp (g ) — SHEAG, — S6LEAUL g2 NG, (note
that the condition is on VW evaluated at Ay = 0).
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In this case, we ideally want to decrease xjr, first to the benefit of x;z (then, possibly to
the benefit of zy,7). Doing this while keeping l‘gg Wir(gnm) — Whi(anm)] = wig Wi (qm) —
Whi(qm)], requires that we decrease A2 (cf. (16) and (17)). This decreases VW;g and in-
creases VWpyp, but given the condition on this case, the ordering of virtual welfares is not
affected. Thus, this process continues until, either we reach Ag = 0 (and thus ICy, ;5 ceases

to bind) or x5 = x5 (and thus IC;z, ;i starts binding).

(a) We reach 2;y = xpr, when Ay > 0 : This implies that ICjr, ;5 becomes binding in the
process. Optimizing from now on with constraints ICignm, ICir 1, 1CiLhr, IChL1H
and ICpr pp binding requires that we keep z;y = x5,r. The virtual welfares are given
by (18), (19) and (20). Like in part 1, scenario 2, case 2c, we proceed by first looking
for values of A3, A5 and ¢’s such that (1) Z[Wig(qg) — Whr(qn)] = xfg[ﬂﬁg(qhg) —
Whi(anm)l, i-e. Uipwr = Uiy and Upp pg = Unp pe and (2) VWig = VWi,

If the implied Ag is positive, then this is the solution (solution 1.2.c) because condition
(1) implies that ;g > qny, which in turn ensures that VW = VW, > VWyg. The
x’s are optimized, and so are the ¢’s.

If the implied A is negative, then we are as in part I, scenario 1, case 3: the binding
constraints are 1C;r, 177, IC;r nr, IC;g ne and I1Cy, 1, . This leads to solutions 1.1.c, 1.1.d

or 1.1.e.

(b) We reach A\ = 0 when x;57 < z5,. We can continue to increase z;y at the expense
of xpr, and afterwards if necessary increase xjp at the expense of xpr until ICir, 11

starts binding. (/C},r ;g no longer binds because increasing x;5 beyond xp7, means that

haWin (ane) — Wihie(qne)) < zigWin(qm) — Whi(qig)]). The case then reduces to

part 1, scenario 1, case 3, implying one of solutions 1.1.c, 1.1.d or 1.1.e apply.

Proof of part II of Theorem 1: W,y () — Wy () < 0 i.e. Af; < GAb,

The binding constraints in the buyer-optimal efficient mechanism are IC;g 77, IChr 15 and 1C;z, 41

The buyer’s resulting expected utility is given by

apr + o apr + oy org + o + o
L T NG) — LT 0 Ay + g (W (qre) — —2 L L

apTiaWin(ar) +
arg arg anH

ar,
+onrhn[Whi(gnhr) — CY_hLAel] +oyreiWir(air)

Keeping the probabilities fixed at zj = :Ug B optimizing the ¢’s requires that ¢z be set equal to

apr + o
a g

_ QpL +oqp

iy = argmax{Wig (qm) + A QA0 } (22)
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This reduces the informational rents of hL and [L. By Lemma 7(1), we know that Ui nr, > Uir,ia
as long as Upr g > Unr,na- Hence, we need to consider only two scenarios, depending on whether

IChL,hH binds at q%H:

Scenario 1: At g7y, Unrim > Unpnm, 1.6, 2 (Win(giy) — Whe(ain)] < =5 (Win (@) — War (@)

In this case, all IC constraints remain satisfied as we decrease ¢ to qZQH. Note that W, H(quH) —
Wh L(QZQH) = A6y — AGQQZQH < 0. We now consider the optimization of the probabilities of winning.
From (21), the virtual welfare associated with [L is the largest. This leaves four cases depending

on the relative ranking of [H, hH and hL:

L VWi 2 VWig 2 VWya : [War(g)—gE A6 > [W/le(q?H)_._O‘hg;alL Aol—“hg;% qfy AG2) >
(Wi (q) — WA&] [Solution 2.1.a]
The optimal probabilities of winning are xp = :Ug B since the ranking of the virtual welfares
corresponds to the ranking of the first best welfares. All IC constraints are satisfied. The x’s

and ¢’s are optimized given the binding constraints.

2. VWig > VWyg > VWhyr - [VV[H<ql2H)+ahZ;alL Ael—ahg;m QZQHAHQ] > WhH(G)—Mﬁ%Ael >
[WhL(g) — %Ael] ; or

OpL

VWig >VWy > VWi : [MH(Q?H)+ahL+alL A@l—ahLJra”“ Q?HAHQ] > [WhL(g)—%AHﬂ >

g oun QpL

Wi (qnp) — SEESALEAL NG,

The buyer would like to increase x;z; at the expense of xpr. Doing this does not affect the
supplier hL’s IC constraint: Upr g > Upr pp corresponds to le[W'lH(qu) — WhL(quH)] <
xfg (Wi (@) — Wi (q)] and W/ZH(quH) - WhL(qle) < 0. Moreover, as long as xp;, > x4, the
change in ;7 does not affect [L’s IC constraint either (Lemma 7(1)). Thus, changing x;x

does not initially affect the virtual welfares.
When we reach z;p = xp1, = T, 1C;1, ;g starts binding since Ujr, p1, = xpA01 — 2ig A0 +
:Blqu2HA92 + 2pg A6y and Ujp g = leqZQHAOQ + xpgAf;. Define \; € (0,qqr), the value of

A5 that equalizes the virtual welfares associated with [H and hL:

OzhL-i-)\* apL + QL £
(oL +25) g, _ O £ UL NG 2y (g) - 23
Qg QO QpL

Win (af) + A (23)

(from (1) to (4)). Such a value for A5 exists. When A5 = 0, the virtual welfare associated with
hL is larger. When A5 = oy, the virtual welfare of [H is bigger by assumption. Note that

this process does not affect the virtual welfare associated with hH, which remains unchanged.

(a) [Solution 2.1.b] If at \;, VW = VWy, > VW, then the solution is g = ¢ ,

qng = q and qpr = q = q and xy, = :L‘fZB,whH = xfg, and x;g = x5, = T. All IC
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constraints are satisfied. The ¢’s and the z’s are optimized given the binding constraints
(in particular, the buyer is indifferent between [H and hL, but strictly prefer these to
hH).

(b) If at A5, VWig = VWi < VWya, the buyer prefers hH to [H or hL. He increases his
expected utility by raising xj,y while keeping Uiz = Ui p1, that is, z;g = xpr, and
As = A5. This process does not initially affect any of the virtual welfares until ICyr, 15
starts binding (this happens at xp;, = 2y > xpg given that gy = quH < qpp = q when
Unpnrr < Unrim)-
From then on, IC;g nu, 1C;L 1, 1C; 1 a1, IChL g and IC, pg are all binding. The ex-

pressions for the resulting virtual welfares are given by:

apr +ogn — A apr + A5 — A
VWig = max{Wg(qn)— (s + au 3)A92qu 4 LT NG ) (24)
aH o g g
A o +apn +aip — A
VWhH = maX{WhH(qhH) — —3A92qhH — L hL LL 3A91} (25)
dnhH OhH anhH
A
VWhL = WhL(g) — —5A91 (26)
QhL

The buyer increases his expected utility by continuing to increase xpp at the cost of xpy,
and x;p, while satisfying: (1) Ujp g = Uippr (thus @ig = 2p1), (2) Upphg = Unram,
that is 14 [Win (qm) —Whi(qm)] = 2au[Win (gna) —Whi(gnm)], and (3) VWig = VWi
This requires an increase in A3 and a decrease in A5, i.e. a rise in ¢;y and a decrease in
gnp (nonetheless, q?H < qug < qpy remains as long as VWigy < VW, as is apparent
from (24) and (25)).3

This process stops when either VWyg = VW;g = VW), or we hit a non negativity

constraint for the multiplier Ao = ay, + A5 — As.

i. [Solution 2.1.d] Suppose VWg = VW;g = VWjp at a point where Ao > 0.
Then we have reached the solution. The ¢’s are defined from (24) and (25) for
the values of A3 and A5 that equalize the virtual welfares (note that this implies
that gz < qpm, so that, in turn, Upr pg = Upr, g implies x;y > xpp as required

for incentive compatibility). The z’s are such that x;;, = xsz , and J:f;f}

> Ty =
FB with N FB =14 All IC
Thr > Ty > Ty Wi (qrx” + cqgrig + appehr + apgenpg) = 1

constraints are satisfied. The ¢’s are optimized given the binding constraints. The

3Formally, we have four equations (the three constraints mentioned in the text, plus the feasibility constraint
N(oelLa:fLB +aptig +oanLxhn +argrre) = 1) and five unknowns: pm,zhr,zim and A3 and As (the ¢’s are

determined on the basis of the X’s by (24) and (25)). Thus any value for z,u pins down the other variables.
4No other feasibility constraint for the probabilities of winning binds, except for the one-type constraint for z;z..
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x’s are optimized given the resulting virtual welfares (the buyer is indifferent among
[H, hL and hH).

ii. [Solution 2.1.e] Suppose A2 reaches zero at a point where VWpy > VIW;g =
VWhr.
Let A\;*, the value of A5 at this point. We also have g7y < qg < qny and g =
xpr > xpm at this point. The buyer further increases his utility by increasing zp g
at the cost of x;y and xpr, while keeping Ujr, g = Ui pr, and VWig = VW (ie.
A5 = A\i* and the ¢’s are fixed at gy < qnz).> This process at first does not affect
the virtual welfares (since \s is fixed, we keep having VWyg > VW, = VW),

until 10y, i starts binding.® At this stage we have:

Urig = zhaQA0+xgquAls = Uip ny = v A0 + Trhagnn Ad2

= Uit = Th A0 + 2 qrn Ads

thus zp;, = zpg < 1. To keep increasing the buyer’s welfare while satisfying all
three constraints out of L requires that we keep zp;, = xpy. Thus we increase
both zp; and zppg at the expense of x;y (this will indeed increase the buyer’s
utility since VWyg > VWi = VW), and adjust the ¢’s as needed, that is, we
increase q;y and decrease qny. We do this until VW;g = VWjr = VWyy. We
have then reached the solution. At the solution, ;g < gqpy and x;;, = xsz , and

ol > x> Thn = The > Thg with N(agpaf® + g +onpann +apgong) = 1.

3. VWhr > VWi > VWir : [Whr(q) — S A6] > Wiy (q) — SESALENLNG, | > [Wik(g7y) +

QhH
aprtagr _ oapptoyp 2 .
e Afy e Qi A02] 5 or

VWha > VWi > VWig : Wyp(g) — SUEZALEAULNG, > [Wr(g) — 2 A61] > [Win(qfy) +

OnhH
aprtoqp aprtoip 2
o A91 o quAeg]

In this case, the buyer would like to increase xpp at the expense of x;p7. As we increase xp g
and decrease x;y, we reach a point where le[W/lH(quH) —Whr (qu)] = hg[(Wig (@) — Wi ()],

that is, ICyr, i starts binding.

A candidate solution is defined by the value of Ay € (0, a1, + oyp) that equates VWy and

>The exact way in which z;5 and xp,1, are decreased is determined by Uiz, ;g = Uir,nr, 6. ©igquaAO2+xnap A1 =

Th AO1 + xhrqna Af2 and the feasibility constraint N(alelFLB + T + anLThr + araThE) = 1.
5This is the only constraint that can bind in the process. No new constraint can bind out of [ H since Uiy = zpuy Ab;y

increases and alternatives decrease. No new constraint can bind out of hL because Af; — Abagpy < 0 given that

Qnm > qu > gy and VWiy > VWig.
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VWha :

*

pys A aig + A anr + o — M\
max{ Wi (quer)+—2 A0 ——2 Abaqizr} = mas{ Wi (qnir) — ———2 NGy ——L T2 22 NG, gy )
QH olH Ol H hH OhH anH (27)

(from (1) to (4)). Such value for Ay exists since the virtual welfare of [H is larger than that

of hH at Ay = 0, and smaller at Ay = a1 + o by assumption. By inspection of (27), this
happens at %5 < a—)‘zl;; that is, the resulting ¢’s are such that qle < qig < qpy- Finally,
we require that Upr g = Upppw, that is, oig(Win(qr) — War(awr)) = zhaWia(gnm) —
Wi (gnm)] which implies that ;7 > g as required by incentive compatibility.

This process only affected VWpr, and VWhyr. If VW3 > VWyg = VW) at this point, then
this is indeed the solution. The other variables are set such that z;;, = xﬁ-JB , ThL = xi f ,
and qnr, = qiz. = q. The ¢’s are optimized given the values of the multipliers and the binding
constraints. The z’s are optimized given the resulting virtual welfares. All IC constraints are

satisfied (ICjp g satisfied given Lemma 7(1)). [Solution 2.1.c]

I VWh < VWxg = VWi, the buyer can further increase his expected utility by increasing
xpp and zyp at the cost of zy, 1. He does so while keeping Ay = Aj so that VWy,g = VW;g. The
exact way in which xp g and 2 are increased is pinned down by z; g [Wig(qir) — Whe(qw)] =
Tha[Wir (gner) — Whi(grm)]. This process does not affect the virtual welfare, until xy;, =z
at which point IC;r ;g starts binding. We are now in a situation where 1C;g 51, 1Ci1 15,
ICin L, IChL g and 1Cy g are all binding and VW, < VWyg = VW;y. From then on,
the virtual welfares are those defined in (24) - (26). Let A; such that VW;z = VIW,.
Since there is no change in A3, the ¢’s are not affected (g < qnm) and the z’s implicitly
defined by x;p = zpr and Upppy = Uppgg are not affected either. Thus we are exactly
in the same situation as in 2(b) above, and the proof thus proceeds along the same lines:
we look for a solution where 1C;y 1, 1C;1 11, 1C;1 b1, IChL,m and 1Cy 1, pi are binding and
VWi = VWyrg = VWig, or ICg . 1ICi1, 11, 1CL hr, IC e and 1Cy, 1 g are binding and
VWhr = VWyyg = VW;g. [Solution 2.1.d or 2.1.€]

4 VWi > VWig > VWi @ Wyp(q) — SESLEULNG, > Wiy (qfy) + EEULAG, —
MQ?HAGQ] > [WhL(g) — ‘”—LAel]

ol H AhL
Given the ordering of virtual welfares, the buyer is first tempted to increase zppy at the
expense of xpr.” Two things can happen in the process: (1) IC;p 1z starts binding (this
happens at $5JB = ThL because UlL,lH == mlHAGQQZQH + .thAQl and UlL,hL == .thA@l -

g A0 + :z:lHAﬁquQH + 2pgAb1), (2) ICh i starts binding (this happens at a point where

"That is, keeping the equality N(alLachB + apeh? + anprnr + angTha) = 1.
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zhg < xhP since 2 (Win(Q) — Wi (@) = ofZWin(¢%;) — War(g?y)] at that point, and

Wir(q?y) — Whi(g?y) < 0 from the definition of scenario 1). We examine each case in turn.

(a) ICip m binds first (a:l};}g = Zpr)
Let Af, the value of A5 that equalizes VWi and VW), ,. This was defined in (23). We now
have VWyg > VW;g = VWyr. Thus the buyer can increase his welfare by increasing

xp - The rest of the solution is as described in 2(b) above. [Solution 2.1.d or Solution
2.1.e].

(b) IChL,hH binds first:

This happens at zp; > :Uflf > xpy (the first inequality comes from the fact that
IChr nm binds first; the second inequality comes from the fact that ¢z < gy = 7 at
the point where ICyr, i starts binding). Increasing further x,y at the expense of xpr,
while keeping P (Wir(qrr) — War(@r)] = whu[Win(ane) — Wai(gam)] requires that
we decrease qpr and increase g;p. This corresponds to a rise in Az, a decrease in VWj g
and an increase in VW, . This process stops when either VW,g = VWy gy or ;g = xp1
whichever comes first (note at this stage x5 = xpr, > xpy and IC)r g starts binding).
If VWig = VW first, we can continue to increase the buyer’s utility by decreasing
T, this time to the benefit of both [H and hH while keeping VW = VWyy and
Unphir = Uppgm (note that this implies iy < gng and xpr, > xpp). This process
continues until zp7, = x;y at which point ICjy, ;i starts binding.

Thus, in both events, we reach a point where IC;g 11, 1Cir 11, 1CiL . 1Chr 7 and
IChp hg are all binding. From then on, the virtual welfares are those defined in (24) -
(26). Let Af such that VW;g = VWj,. Since there is no change in A3, the ¢’s are not
affected (qig < gnm) and the 2’s implicitly defined by ;g = x5, and Upp pg = Unrpin
are not affected either. Thus we are exactly in the same situation as in 2(b) above,
and the proof thus proceeds along the same lines: we look for a solution where IC;g 1,7,
ICinam, IC b1, 1C,Lm and 1Cy,, g are binding and VWy, = VW, = VW, or
ICiane, IC L m, 1C L L, IC L e and 1IC,L g are binding and VW; = VW,g =
VWig. [Solution 2.1.d or 2.1.e]

Scenario 2: At g%y, Unrpy > Unp g that is, 5P (Wig (¢%) — Wi (¢%y)] > E B Wi (@) — Wi (9)]
In this case, ICy nnz becomes binding as we decrease ¢ towards q?H. To decrease the rents of

hL and [L, we now need to decrease ¢ and qpp, holding Upr, g = Upr n. The optimal ¢’s are
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defined by:
) A5
Qg = arg H%iX{MH(QZH) +
. g + A3 anpr +oqr — A3
gy = argmax{Wyny(qny) — —7 2N, - 2 AOoqn}
qhH QpH QhH
where A5 € (0,anp + aqr) is chosen such that x{}f[ﬂﬁg(ql”}{) — Whr(qfy)] = xfﬁ[Wm(qZH) -

Whir(q; )] Note that the sign of Wir(q¢jy) — Whr(qfy) = A1 — Abaqfy; is not pinned down
a priori so that ¢y and gpy cannot be ranked. No other new constraint binds in the process

(Lemma 7(1)).

We now consider the optimization of the probabilities of winning. We need to consider five cases:

L VWi > VWi > VWag @ War(g) — 2LA0 > Win(gy) + 2200 — 22 Abyqfy >

QhL
a g+ aprtor,—As
Wha (@) — %A& — %A%qh}[.
The optimal probabilities of winning are xp = kB This corresponds to Solution 1.2.a

except that ¢;g and ¢,y cannot be ranked a priori.

2. VWi > VWar > VWar :+ Wi(giy) + 25001 — 2200 > Win(g) — 2-A0; >
Wha (g ) — alf;/\Z Ay Q%HLAAQQQ
VWig > VWhag > VWi : Win(qiy) + aj, Afy — _A92qu > Whi(Ghy) — alf;&Ae -
LFALN NGty > Wit (g) — 2L A,

The buyer would like to increase x;f at the expense of xy,r,. Doing this while keeping Up,r ng =
Unhr, g requires that we adjust the ¢’s and thus Aa. Specifically, if A0y — Abaqfy; > 0, we need
to decrease Ao, otherwise, we need to increase it. In both cases, VW goes down and VW
goes up. This process continues until either a new IC constraint binds or the relative ranking
of the virtual welfare changes. Since x;z7 > xf;f > xnH, the only IC constraint to worry about

is IC;z . This gives us three cases to consider depending on which event happens first:

(a) VWig = VW > VWpp : We have reached the solution: z;;, = :z:fLB, ThH = :Bfg and
b B > app > o > off with N(opaf? + cipaig + anpens) = 1—odly, ain = aur = ¢
and ¢y and ¢ng determined by the value of Ay that equates VWy,g = VW;g. This

corresponds to Solution 1.2.b.

(b) VWig = VWyg > VW, : Note that this means that ¢z < gpg and Af; — Abaqig < 0
since g [(Wig(qier) — Whi(qm)] = th BIWir(qir) — Wir(quer)]. The buyer continues to
increase his expected utility by decreasing 7y, this time, to the benefit of both a7 and

xpH, doing so while keeping VWi = VWi, and Uyr 1 = Upr,m. Thus Ao is fixed and
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so are ;g and gpg. Therefore x;g > xpy. This process continues until zp;, = z;y at
which point IC;z, ;i starts binding. From then on, the virtual welfares are those defined
n (24) - (26). (note that A2 = apr + A5 — A3). Let Af such that VW = VWj,.. Since
there is no change in A3, the ¢’s are not affected (¢ < gqppy) and the x’s implicitly
defined by z;g = x5, and Uy g = Upr, g are not affected either. Thus we are exactly
in the same situation as in scenario 1, 2(b) above (VW > VW;g = VW;), and the

proof thus proceeds along the same lines. [Solution 2.1.d or 2.1.e]

(¢) xhr = z1m, i.e. IC; g starts binding. From then on, IC;y n, ICi 151, ICiL hry ICKL1H
and ICyr, pp are all binding. The virtual welfares are those defined in (24) - (26). (note
that A2 = apr+As—A3). Let A\ such that VW, = VW}, 1. Since there is no change in Az,
the ¢’s are not affected and the ’s implicitly defined by x;i = x5, and Upr pg = Unr g
are not affected either. If VW;y = VWy > VW), we have reached the solution:
i, =ahP, ol P> oy =ap =7 > 2ol vpw =2k B, ann < G and q = g = 4.
All IC constraints are satisfied and the ¢’s and z’s are optimal given the resulting virtual
welfares. [Solution 1.2.c]

It VWig = VWi < VW, we can conclude that g < gy and A0y — Absqig < 0
since 2 (Win (qim) — Whr(an)] = of Wi (am) — Wai(qw)]. We are thus in the same

situation as in scenario 1, 2(b) above. [Solution 2.1.d or 2.1.e]

3. VWis > VWag > VWi : Wi (@) =2 A0y > Wiy (g ) — 2222 NG — 2Lt Ny g >

Win(qfy) + 2220, — 22 Ay,

(Note that this implies ¢y < ¢} ;7 and A0y —Abaqly < 0 given that 252 [Wig (qfy) — Wi (4)]
= mfg[ﬂfm (@) = Whi(g;g)])- The buyer wants to increase xpy at the expense of z;5. This
requires adjusting A2 to maintain the equality =g [(Win(qr) — Whr(anr)] = ene Wik (gne) —
Wir(qnm)]- Specifically, A2 decreases, ;7 increases and gp, g decreases, until VWi = VW;g.
This occurs at x;g > zpy. Indeed, at ;g = zhy, g = qny thus %%ﬂwng =

FB

C;\Z—ZAHquH implying that VWypg < VWig. The solution is thus z;;, = xﬂB,th = 37 and

a:f;f > X > ThH > mfg and ;g < qig < qng < . This corresponds to solution 2.1.c

4. VWi > VWig > VWi - Win (@) — QA3 NG, — MA%Q}SH > Win(qy) +

X X OhH apH
e A0y — 2 A02qfy = Wii(q) — §5EA0

Note that this implies that ¢ < ¢} and Af; — AbBaqfyy < 0. Define A3* € (0, A3) such that

max{ W (qnpr)——2—2- NG — =L T 22 AGyg i} = max{Wig (qupr)+—2- A0 ——2-Abyqip }
qdhH ahH aOhH qQqH (67521 (%18]7){
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This implies ¢ < qu < g < @y and VWi = VWyg > VW

>From there, the buyer can increase his expected utility by increasing zpy and z;; at the cost
of xpr. He does so while keeping Ao = A3* so that VW,yg = VW;y. The exact way in which
xpg and zyy are increased is pinned down by x5 [Wig(qm) — Whie(qm)] = zng[Win(ane) —
Whr(qnm)]- This process does not affect the virtual welfare, until x5, = x;y at which point
IC,, 1 starts binding. We are now in a situation where IC;y 17, 1C;1 117, IC; 1 b1, IChL 11 and
ICh1 na are all binding and VWy,r, < VW, g = VW,;g. From then on, the virtual welfares are
those defined in (24) - (26) (note that Ay = apr, + A5 — A3). Let Af such that VW = VIV,
Since there is no change in A3, the ¢’s are not affected (g < ¢np) and the x’s implicitly
defined by z;z = 251, and Uy ng = Upr, g are not affected either. Thus we are exactly in

the same situation as in 2(b) above. [Solution 2.1.d or 2.1.e]

VWag > VWi > VWi« Win(giy) — 2E22AG, — LI AG g > Wi (g) —
QUL AGy > Wi(gfy) + 22 A0 — 22 Abagly

We are again in a situation where ¢ < qf;; and A0y — Abfaq;;; < 0. The buyer would like
to increase xpy at the expense of x;y. Doing so while keeping ;5 [Wig(qirr) — Whr(qn)] =
haWim (qne) — Whr(qrm)] requires an adjustment in A9, leading to VW;y decreasing and
VWpp increasing. This process continues until we reach A\3* which corresponds to VW;y =
VWi (as defined in (28)). Since Af; — Afagf;; < 0, the corresponding qualities and z’s are

such that ¢/ < g < qwr < ¢ and xpg < 21H.

We now need to distinguish two cases depending whether VW, > VW, g = VWygy or
VWig = VWhg > VW

(a) VWyxr > VWi = VWyg : Then we have reached the solution: z;;, = :L‘fZB, Th = xﬁLB

B

and xll;l > X > Thg > xfg, qr = qnr = q and ¢y < qu < qna < @55 as defined by

(28). This corresponds to Solution 2.1.c.

(b) VWig = VWpyg > VWy : the buyer further increases his expected utility by increases
x1g and xpy at the expense of xp; while keeping VWyy = VWy (that is keeping
X2 and the ¢’s fixed) and Upr g = Upppm (thus apy < ap). This process does not
affect the virtual welfares until z5;, = ;7 and 1C;z ;7 starts binding. We are now in
a situation where IC;g m, 1Cir 11, ICiL hr, IChr i and IC,r pr are all binding and
VWi < VWyg = VW;g. From then on, the virtual welfares are those defined in (24)
- (26) (note that A2 = anr + A5 — A3). Let Af such that VW;z = VWj,. Since there is
no change in A3, the ¢’s are not affected (g < gny) and the x’s implicitly defined by

21 = pr and Uy pg = Unr, g are not affected either. Thus we are exactly in the same
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situation as in 2(b) above, and the proof thus proceeds along the same lines. [Solution
2.1.d or 2.1.e]
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